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A B S T R A C T  

{xn} with {xn, x*} biorthogonal is a "uniformly minimal basis with quasi- 
fixed brackets and permutat ions"  of a Banach space X if {xn } and {x* } are 

bo th  bounded.  Moreover, there is an increasing sequence {qm} of positive 

integers such that ,  for each  x ~ of X,  set t ing qt(0) = 0, 

q'(ra+l) 

rn=O n=q'(m)+l 

where, for each m > 1, q(m) + 1 <_ q'(m) <_ q(rn + 1) while 

{Trl(r~ "~l.q(m+l) is a permuta t ion  of {n} q(m+l) 
" ;Jn=q(ra)+l n=q(rn)+l" 

Then, for each subspace Y of a separable Banach space X,  there exists 

a uniformly minimal basis with quasi-fixed brackets and permuta t ions  of 
Y, which can be extended to a uniformly minimal basis with quasi-fixed 

brackets and permuta t ions  of X.  
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Introduct ion  
The main idea was to equip a normed space, in particular an infinite-dimensional 

separable Banach space, by means of a system of coordinate axes, like the couple 

of abscissa axis and ordinate axis which characterize R 2. From this idea a famous 

problem was born and for a long time remained unsolved: The bas i s  p r o b l e m .  

Indeed for a Hilbert space this goal was achieved by any orthonormal basis, 

while for general Banach spaces the situation was quite different. The search 

for a suitable system of coordinate axes originated already in Banach's book [4] 

with the problem of the existence of the basis. This problem was solved only 

in 1973 by Enfio in the negative. At this point let us give a list of four main 

ideas (definitions D I , . . . ,  D4) of systems of coordinate axes in a general separable 

infinite-dimensional Banach space. We shall begin with the more general (hence 

less useful, but which exists in every case) definition and proceed with more and 

more restrictive conditions (which are satisfied only in particular cases). 

If  X is a Banach space, X* its dual and if {x,~} is a minimal sequence of X 

(that is, dist(x,~,span{xn}~#m) > 0 for each m, hence there exists {x~} in X* 

with 

{xn, x~} biorthogonal, 

that  is, x*(Xn) = 5ran Kronecker indices), then we can consider {xn} as a system 

of coordinate axes and, in particular, we call this system: 

(D1) M - b a s i s  (from Markushevich basis) if span{x~} is dense in X and {x~} 

is t o t a l  on X (x*(x) = 0 for each n imply x = 0), hence each element x of X is 

associated in a unique way with the series E,~=lx,~(x)x~ without any information 

on the convergence; in particular the M-basis is said to be n o r m i n g  if there exists 

K > 0 such that,  for each x of X, 

[[xtl < K .  sup{Ix*(x)l : x* E span{x*} and [Ix*[[ --- 1}; 

moreover, the M-basis is said to be s t r o n g  if x E closure of span{x~(x)xn} for 

each x of X (in general, an M-basis is neither norming nor strong). 

(D2) U n i f o r m l y  m i n i m a l  M - b a s i s  if in the preceding definition {xn} and 

{x*} are both bounded (hence there is a K > 0 so that  dist(xm, span{xn},~¢m) >_ 

K for each m), this implies for the preceding series that  

x*~(x)xn ~ 0 with n, 

which is a necessary but not sufficient condition for the convergence (let us 

point out this simple but important  fact (see Reference I* at the end of this 
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Introduction): if ]lx~il = 1 and IIx*ll < H for each n, if x e X and e > 0, there 

exist 

p p+q p+q+r p+q+r÷s 

W'= ~Xn(X)Xn + E anXn and w" = E Xn(X)X~ + E a~x~ 
n = l  n = p + l  n = l  n=p+q+r+l 

with  IIx - w'll < E/2H and IIx - w" II < e/Ng, hence  if 

p+q pWq+r pWqWr+s 

w = w " - w ' =  E [ x : ( x ) - a ~ ] X n  + E Xn(X)Xn + E anX,~ 
n=p+ 1 n=p+q+ 1 n=p+q+r+l 

we have  that  Ilwll ( =  II(x - w') - (x - w")lL) < ~/H; on the other  hand,  for 

p + q +  l < n < p + q +  r, x*(x)= x*(w), hence 

Ix~(x)l _< IIx;ll- Ilwtl < E. 

(D3) Bas is  w i th  ind iv idua l  b r acke t s  and  p e r m u t a t i o n s  if for each x' of X 

there exist an increasing sequence {q'(m)} of positive integers and a permutation 

{7r'(n)} of the sequence {n} of the natural numbers such that, setting q'(0) = 0, 

q'(,~+l) 

(1) x ' =  E * ' ' x~,(n ) (x)x~,(n), 
m=0 n=q'(m)+l  

in particular, if we have always qt(m) = m for each m _> 0, we call {x~} a basis  

w i t h  i nd iv idua l  p e r m u t a t i o n s ;  while if we have always ~r'(n) = n for each n, 

we call it a basis w i t h  ind iv idua l  bracke ts .  

(D4) U n i f o r m l y  m i n i m a l  basis w i th  quas i - f ixed  b r a c k e t s  a n d  p e r m u -  

t a t i o n s  if (D2) and (Da) hold, moreover there exists a fixed increasing sequence 

{q(m)} of positive integers such that for each x' of X we have (1), where the 

sequence {q'(m)}, though not fixed, is not entirely arbitrary: it is regulated by 

{q(m)} in the sense that  each q'(rn) can only range on a finite interval specified 

as follows: 

(2) q(m) + 1 <_ q'(m) <_ q(m + 1) for each m >_ 1. 

Moreover, {Tr'(n)} is also not quite arbitrary: it is the union of finite permu- 

tations regulated, again by {q(m)}, in the following way. Setting q(0) = 0, for 

each m > 0 

(3) is a permutation of 
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In particular, we say that  {x~} is a u n i f o r m l y  m i n i m a l  bas i s  w i t h  quas i -  

f ixed  b r a c k e t s  if in (3) we have always ~r'(n) = n for each n. 

Finally, we say that  {x~} is a u n i f o r m l y  m i n i m a l  bas i s  w i t h  f ixed  b r a c k e t s  

if it is a uniformly minimal basis with quasi-fixed brackets, such tha t  in (2) we 

have always q'(m) = q(m) for each m > 0. 

Clearly {x~} is a bas is  in the usual sense if it is a uniformly minimal basis 

with fixed brackets such that  in (2) we have always q'(m) = q(m) = m for each 

m. We point out that  by bas i s  w i t h  f ixed  b r a c k e t s  (better known as bas i s  

w i t h  b r a c k e t s )  we mean the same definition of uniformly minimal basis with 

fixed brackets, but without (D2). In general a basis with fixed brackets need not 

be uniformly minimal. 

Regarding the questions of existence we present two theorems: 

THEOREM I: Every separable Banach space has a uniformly minimal basis with 

quasi-fixed brackets and permutations. 

In the research on Banach spaces sometimes the following situation occurs: we 

have a subspace Y of a separable Banach space X and we need some kind of 

basis of Y (with the best possible properties) which can be extended to a basis of 

the same kind of X.  Let us point out that,  even in the particular case where X 

and Y have bases, in general [48] Y need not have a basis which can be extended 

to a basis of X. Extending bases is possible in certain cases, for example [63] 

if Y has a basis which is a block sequence of a basis of X (we also recall [58] 

that ,  if X and Y have a basis, there always exists a subsequence of this basis 

which can be extended to a basis of X).  The same is true for the bases with 

brackets (further information about properties of extension of weaker kinds of 

bases can be found in References at the end of this Introduction). Let us present 

the following property of extension, which improves Theorem I: 

THEOREM II: Every subspace of a separable Banach space X has a uniformly 

minimal basis with quasi-fixed brackets and permutations, which can be extended 

to a uniformly minimal basis with quasi-fixed brackets and permutations of X .  

We outline the organization of the paper. In §1 and §2 we set up all the tools 

we shall use in the proof of Theorem I, which is in §3. We point out that  in a 

preceding unpublished version, in a more axiomatic way and practically mainly 

by means of the definition of norm, we proved directly Theorem I without passing 

through the properties of §1 on finite-dimensional classical Banach spaces; but 

the central part  of that  version based itself on a heavy combinatorial technique 

which more than doubled the length of the proof. 
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§1 is informal and the main fact discussed there is the simple idea of the 

finite transformabili ty of Banach spaces; after that  we only present refinements 

of known facts. It  is known that  a Banach space Y is "finitely represented" 

in a Banach space X if, for each finite-dimensional subspace Yo of Y and for 

each e > 0, there exists a subspace Xo of X which is (1 + e)-isomorphic to Yo- 

Proceeding from another point of view, in this Note we say that  X is "finitely 

transformable" in Y if, for each finite-dimensional subspaee Yo of Y and for each 

e > O, there exists a subspace 3/o of X such that  X/Xo is (1 + c)-isomorphic to 

Y0: Tha t  is, by means of division by the subspace X0, X can be "transformed" 

into a space (1 + e)-isomorphic to ]So. An advantage of this new definition is the 

following fact (proved in §1): The finite representability of 11 in X,  and the finite 

transformability of X in co, are the same thing. 

The strategy of the first step of the proof is to consider separately two cases: 

If the space has type > 1 we already have at our disposal a sequence of uniformly 

complemented copies of l~ (see Reference IV* at the end of this Introduction), 

while if the space does not have type > 1, by means of the properties of §1 we 

shall be able to construct a sequence {Vm} of subspaces of X of the following 

kind: 

(a) There exists a biorthogonal system {{Vm,n, "* ~T(~)~ Vrn,n~n=l J'rn=l such that,  for 

each m, X = Vm + VO,~ with Vm = spanlVm,ntn=l , 

~(~) 
Vo,m = X ~ { D v*,n±} and {v.~,~ + V,o,m ~(m)I~:1 is 

(4) ~=1 

Hm-equivalent to the natural basis of l~ (m), with r(m)/Hm > 2m; 

(b) LIv. , ll = 1 and IIv; , ll < K for 1 < n < r (m)  and for each m (from (a) 

it directly follows that,  for each Xo of X and for each m, there exists n(m) = 
n(m, xo) with 1 <_ n(m) < r(m) such that  IV;~,n(m)(Xo)l <_ IIx01l/2m; indeed as 

indicated above 

r(ra) i r(m) 

Ilxoll > IIxo + V0,mll = V~n,n(XO)Vrn,n -~- Vo rn > E Iv*, n(x°)l 
n = l  ' -- H m  n = l  

>-- Hm min{lv*'n(x°)]: 1 < n < r(m)}; 

it also follows that  

r(m) 
Vo,m T(~) r~_~) v.~,,Jxo)vm,,~ H m  + (>_ _> * , 

n--=l n = l  n= l  
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hence there exists a projection P m :  X ~ Vm with Vo,m = X n Pro± and 

IIP"*ll _< H"*). 

The heart of the proof of Theorem I is contained in §2 and §3, where we only 

use the technique of the biorthogonal systems. In §2 we obtain (4) by means of 

the following procedure: Since the space does not have type > 1, 11 is finitely 

represented in X, hence X is finitely transformable in Co; at this point we use 

the fact that,  for each m, I m has a biorthogonal system {x~, X*},~m=l such that  
X m { ~}~=1 is Hm-equivalent to the natural basis of l~ ~, with m / H , ,  --+ +oe (in 

order to have (a) of (4)), moreover with IIx~ll = 1 = IIx;ll for 1 <_ n <_ m (in 

order to have (b) of (4)). 

Definition: A uniformly minimal norming M-basis {x~} is said to have 

c o n t r o l l e d  coeff ic ients  if, for each sequence {er~} of positive numbers with 

em --+ 0, {x~} of (D2) has a fixed partition in blocks Six lq(m+l) x~ such [ I  nJn=q("*)+l Jrn=l 

that,  for each x of X with Ilxll = 1 and for each m, there exists n with q ( m ) + l  <_ 

n <_ q(m + 1) and Ix~(x)l < ~ .  Hence we have a kind of control of the 

coefficients. 

In the second step of the proof in §2 we use the first step to construct in any 

separable Banach space a uniformly minimal norming M-basis with controlled 

coefficients. We point out that a basis (for instance, the natural basis of co) does 

not have in general controlled coefficients. 

The last step is in §3 where we pass, from the uniformly minimal norming M- 

basis {x~} with controlled coefficients, to {Yn}, a uniformly minimal basis with 

quasi-fixed brackets and permutations of X, by means of a b lock  p e r t u r b a t i o n  

(in the following sense: There is an increasing sequence {q(ra)} of positive integers 

such that,  for each rn, 

We wish to point out in advance the main idea of this paragraph (disregarding 

uniform minimality): If IIx~ll = 1 for each n, there exists an increasing sequence 

{rm} of positive integers such that,  if x0 is an element of X, we can find a 

subsequence {s(m)} of {m} and, for each m, a suitable n(m) with rs(m)+l + 1 _< 

n(rn) <_ rs(m+l), such that 

s(m) 1 
xo - { Z + y:lr l(XO)Yn "* } < 

n = l  
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(indeed at first we can choose {s(m)} of {rn} such that,  for each rn, there exists 
r lrs(rn)+l 

Vm E spanlX~in=r~;.~)+ 1 such that  

rs(m) rs(m) 
1 

n = l  n = l  

moreover the construction of the block perturbation allows the possibility to 

choose an index n(m)  such that  we can assume that  we have the following 

situation: 

* * q- w *  Yn(m) = Xn(m) a n d  Yn(m) = Xn(rn) + - -  
Vm 

~;~(xo)'  

X* with [w*(xo)l < 1/2 m+2 and (by the controlled coefficients property) ] n(m)(X0)l 

< 1/2m+21iYn(m)[I ; hence 

f 
--~ x °  --  l 

1 

< 2-w~ + 
1 

- + 
2 m + l  

1 
- + 

2 m + l  

1 

< 2~-4-7 + 
1 

%(,,0 

Xo - { E Y~(XO)Yn q-yn(m) (xO)yn(m) } 
n = l  

rs(m) 

Ilvm - Y~*Im/(x0)y~(~/II 

v~ - {x~(~)(x0) + ~ : ~ ( x 0 ) } { ~ ( ~ / +  - -  
Vm 

wa(~o) } 

<2-~+ 

Ilw~(x0)x~im/]] + IIx*im)(x0)y~(~)ll 
1 1 1 

+ 2 ~+2 - 2~ )' 

§4 contains the main part  of the proof of Theorem II: The extension of the M-basis 

with controlled coefficients and some new devices on the biorthogonal systems, 

while the actual proof of Theorem II is in §5 and the construction is analogous 

to the construction of §3. 

Now some comments.  

Comment  1: From a historical point of view: For many years the best known 

positive answer to the basis problem was the existence of the uniformly mini- 

mal M-basis (Ovsepian Pelczyfiski [32]), which answered positively a question 

tha t  again originated in Banach's book (with a different terminology). In 1976 
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Pelczyfiski [33] refined this result by proving the existence of an M-basis {xn} 

with {xn,x*} biorthogonal and Ilxnll- IIx*ll < 1 + ~ for each n, for each fixed 

> 0 (if c = 0 it is called an A u e r b a c h  b i o r t h o g o n a l  s y s t e m  or an A u e r b a c h  

M-bas i s  and the question of its existence in every separable Banach space is still 

open, though a negative answer is expected). Only recently [57] we improved the 

positive answer of [32] by means of the existence of the strong M-basis (the ques- 

tion of the existence of the strong M-basis has been open since 1970). However, 

it is evident that  also this improvement was quite far from the uniformly minimal 

basis with quasi-fixed brackets and permutations of Theorem I. 

Regarding the negative answers we only recall that the basis with brackets 

("basis with parenthesis" in [49] p. 450) corresponds to the [inite-dimensional 

Schauder decomposition of the space ([25] p. 48), hence already this kind of basis 

in general does not exist (Enflo [6], otherwise the space would have the approxi- 

mation property); we also recall [51] that there are spaces with the approximation 

property but  without a basis. 

Therefore the couple of answers, positive for the uniformly minimal basis with 

quasi-fixed brackets and permutations and negative for the basis with brackets, is 

a sufficiently good approximation of the border between the kinds of bases which 

exist in every separable Banach space and the kinds of bases which exist only in 

particular cases; this border was the goal of the "basis problem", hence the end 

of its history. 

Comment 2: On the basis with individual brackets and permutations: We recall 

(Revesz [44]) that  the trigonometric system is a basis with individual brackets 

and permutations of the space of the continuous 27r-periodical functions (but not 

a basis with brackets, by a counterexample of Du Bois-Reymond). We point 

out that  the basis with quasi-fixed brackets and permutations is strictly stronger 

than the basis with individual brackets and permutations: For instance, the first 

one is always norming ([55] §2, Proposition 1), while the second one is not in 

general norming ([53] §2, example). 

Comment 3: On the (uniformly minimal) basis with quasi-fixed brackets: The 

question of the existence is still open only in the spaces of finite cotype; indeed 

in [55] (Theorem I) we proved, in the spaces where co is finitely represented, the 

existence of 'a basis with quasi-fixed brackets; moreover, by means of the ideas 

of §1-§3, it is possible to improve the situation in these spaces and to obtain the 

uniformly minimal basis with quasi-fixed brackets. Since there are subspaces of 

Co without the approximation property (but with a uniformly minimal basis with 

quasi-fixed brackets as indicated above), it follows that the (uniformly minimal) 
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basis with brackets is strictly stronger than the (uniformly minimal) basis with 

quasi-fixed brackets. 

Comment 4: On the basis with individual permutations: At first we recall [19] 

that  the basis is strictly stronger than the basis with individual permutations. 

Although the question of the existence is still open, in [57] we already solved in 

the positive the weak version of this question, i.e. the question (raised in [16]) 

on the existence of the S te in i t z  basis (that is, an M-basis {x~} of X and with 

{Xn,Xn} biorthogonal, such that,  for each x of X and for each x* of X*, there 

exists a permutation {lr(n)} of {n} such that x* (x) = ~n°°=l X;(n)(X)X* (XT~(n))). 
However, also the uniformly minimal basis with quasi-fixed brackets and permu- 

tation of Theorem I is a Steinitz basis, since ([16] Prop. 5, p. 86) "Every uniformly 

minimal basis with individual brackets and permutations is a Steinitz basis". 

Comment 5: On other results: Kadets, Plichko and Popov [20] introduced, in 

a Banach space X, the notion of "finite basis" (that is, a s e q u e n c e  {Xn} with 

span{xn} dense in X and with a number K > 0 such that every finite subsequence 

has a permutation with basis constant < K). They gave examples of Banach 

spaces X with finite bases which were not rearranged bases; they also proved that 

in these cases X can be decomposed into a direct sum of two infinite-dimensional 

subspaces; in particular the finite basis does not exist in every separable X. 

We recall [51] that  in general a separable Banach space does not have the local 

basis structure (that is, a sequence of finite-dimensional subspaces {E~} with 

{ U 1  E~} dense in X, such that,  for each n, E~+I D E~ and bc(E~) _< C, where 

bc(E,~) = inf{basis constant of a basis of E,~}). 

Finally, for other kinds of bases, we recall for instance [62] that every separable 

Banach space X containing co has a RUC ( "random unconditional convergence" ) 

system (that is, (D1) such that, for every x in X, the series }-~=1 rn(w)x*(z)xn 

converges almost surely in w, where {rn} are the Rademacher functions). 

We pass to some known results. 

References I* . . .  V* below are properties which we shall often use in our proofs. 

Although we shall not use References VI* . . .  VIII* (since they concern properties 

of extension which are stronger than the property of extension of Theorem II), 

they give a panorama of known properties of extension of weaker kinds of bases 

from a subspace to the whole space. Finally, it seems useful to us to end this 

Introduction with a short outline of the "basis problem" for the non-separable 

case, always from the point of view of the M-bases. 
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I* (see Theorem I and proof of lemma of [53], see also II* of §1 of [57]; it can 

also be derived either from the results of [18] or from [17] (Theorem 3)). 

"If {xn, x~} is biorthogonal with span{x~} dense in X, there exists an increas- 

ing sequence {rm} of positive integers such that, for each m and for each x of 
rm span{xn}~=l, 

I dist(x, span{Xn}n>rm ) " r.~+, - -  dlst(x, span{xn} . . . .  +1)1 
Trn 

n ~ l  

then it follows that, for each x' of X, 

rm Tml-1 

X ' =  mliInoe { E X* (X')X n "1- E alnxn } 
n = l  n=r~-t-1 

where {a~n} depends on x' while {r,~} does not depend on x'. 

Moreover, if {x~} is a norming M-basis of X, assuming the existence of an 

infinite subsequence {re(k)} of {m} such that, for each k, 

rm(k)-I- 1 OG 

• < with  nite, 

n=rm(k)+l k = l  

~'m(k-l- 1) 

setting r~(o) = 0, we have that  x'  = ~ x*~(x'~x~ ,~." 
k=O n=rm( k ) -~ l 

We point out that M. I. Kadets [18] proved even more: There exist continuous 

functions f~, depending on r,~ variables, such that we may take 

' = f . ( x ~ ( x ' ) ,  * ( ~ ' ) ) .  a n • . . ,  Xr m 

V. P. Fonf [7] proves that  every M-basis with this last property is norming; this 

result has been simplified and generalized by M. I. Ostrovskii [31]. 
r , ~2Q II* ([32], see also [49] p. 248). Let  ~Xn,Xn~n__ 1 be & biorthogonal system of  

* 2 Q 2Q X ;  there exists another biorthogonal system {Yn, Yn}n=l with span{yn}n=l = 
2 Q * 2 o * 2 Q = span{xn}~= 1 such that, for every n with 1 < span{xn}n=l  and span{Yn}n= 1 

n <_ 2 Q, 

Ilynll < Iix111/2 Q/2 + (1 + 2112) ma,x{llxkll; 2 < k < 2 Q} 

and 
Ily~* II < IMII/2Q/~ + (1 + 21/=) ma~{l l~l l ;  2 < k < 2Q}. 
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Ill* ([22], see also [25] (lemma 2.c.8 p. 77) or [471 p. 269). I f U  and V are finite- 

dimensional subspaces of a normed space with dimension of V > dimension of  

U, V has an element x ¢ 0 with dist(x, U) = Ilxll. 

IV* ([34] coroll. 2.12, see also [28] p. 112). Let X be an infinite-dimensional 

Banach space with type p > 1. Then there exist a finite positive number C and, 

for each e > 0 and positive integer m, an integer N = N(e, m) such that, i f Y  is a 

subspace of X with dimension >_ N,  then Y contains an m-dimensional subspace 

I7o with d(Y0, l~) _< 1 + e  and there exists a projection of norm <_ C from X onto 

Yo. 

Hence by [27], if 11 is not finitely represented in X, we have the existence of 

a uniformly complemented sequence of copies of l~ (where a sequence {Vm} of 

subspaces of X is u n i f o r m l y  c o m p l e m e n t e d  in X if there exists a sequence 

{Pm} of projections such that Pro: X --+ Vm with tIPmll < K for each m, where 

K does not depend on m); but the weaker condition "Co is not finitely represented 

in X" is not sufficient to imply this property [35]. 

V* ([4] (without proof), see also [25] Prop.l.c.3 p. 16 or [45] Th. 2. p. 257). 

Every m-dimensional Banach space with m finite has a basis of  Auerbach (that 

is~ 

{Xn,Zn}n=lblorthogonal with I]xn[I = Ilx•ll = i for 1 < n < rn). 

Now we pass to properties of extension of M-basic sequences and of construc- 

tion of M-bases "in given directions", that is, through given subspaees. In what 

follows X is a separable Banach space, Y and Z are two subspaces of X with 

Y n Z  = {0} and Y + Z  dense in X; we say that Y and Z are q u a s i - c o m p l e m e n t s  

of each other. 

VI* ([54] Prop. 3, p. 502). / f  {yn} is a norming M-basis of Y ,  there exists 

{Zn} in Z such that {Yn} U {zn} is a norming M-basis of X .  

It is not possible to improve VI* by requiring {zn} to be an M-basis of Z, even 

if we do not require it to be norming ([46] Corollary 3, p. 186); but improvement 

becomes possible under stronger conditions, indeed: ([54] Prop. 4, p. 505). "Let 

{Yn} be a norming M-basis of Y, then: 

There exists an M-basis {Zn} of Z with {y~} tA {z~} a norming M-basis of X 

There exists {y~} of Z± such that {Yn, Y~} is biorthogonal". 

VII* ([54] Th. I I p .  498). If  {Yn} is a uniformly minima/norming M-basis of 

Y, there exists {Zr~} in X such that {Yn} U {zn} is a uniformly minimal norming 

M-basis  of  X .  

Again it is not possible to improve VII* by requiring Z D {z~} ([521 Example). 
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We pass to the construction of the M-basis in the two directions Y and Z. 

VIII* ([54] Th. III, p. 498). There exists a uniformly minimal norming M-basis 

{Yn} U {zn} of X with Y D {Yn} and Z D {Zn}. 

Again, it is not possible to improve VIII* by requiring {Yn} to be an M-basis 

of Y, even if we do not require it to be norming ([52] Example). 

Finally, about the extension of basic sequences, we point out also that,  if {y~} 

is basic (that is, a basis of its closed linear span) with Ily~ll = 1 for each n, 

there are always {fn} and {gn} basic, but [56] (Th. p. 189) it is not possible to 

always obtain these two properties simultaneously, that is, in genera/there does 
not exist a bounded basic {y,~} of X such that {y~, y*} is biorthogonal. 

We pass to consider the "basis problem" for the non-separable case (an 

exhaustive outline of this subject up to 1980 can be found in [49], §17-§19). 

At first we recall that  the definition of M-basis for a non-separable Banach 
space X is again (D1), only now we have, instead of the countable sequence 

{in,x*},  the transfinite sequence {xi,x*)iei with l non-countable. We begin 

to point out that  in general X does not have an M-basis: Already l~  with l 

non-countable does not have an M-base (Dyer [5]); what's more (Plichko [39]) in 

general X does not have a fundamental biorthogonal system {xi, x~}iei (where 

fundamental means that span{xi}ici is dense in X); in particular the non- 

separable Banach space C(k), where K is Kunen's compact, does not have un- 

countable biorthogonal systems (Negrepontis [30]). 
If X has a fundamental biorthogonal system, it is always possible to make it 

uniformly minimal, precisely with sup{[Ixi H • [Ix*l[ : i E I} < 4 + e, for each 
e > 0 (Plichko [40]; a weaker version is that of Godun [10]). But, i f X  is weakly 
compactly generated" (there is a weakly compact subset C which generates X), 

then X has an M-basis (Lindenstrauss [24]); and X has a uniformly minimal 
M-basis (Plichko [36] and [37]). Moreover, if we do not require that  span{xi},ei 
be dense in X, the answer becomes positive, indeed (Plichko [38]): 

IX*. Every Banach space X has a bounded biorthogonal system {x~,x~}~cI 

with {x~ }iel total on X.  

Regarding the quasi-complements: For the non-separable case it is not known 

if there exists an infinite-dimension separable subspace with a quasi-complement. 

However ([54] Prop. 2, p. 502) if {y=} is a uniformly minimal sequence of unit 

norm vectors of a non-separable X, in general there is no bounded {y*} in X*, 
with {Yn,Y~} biorthogonal, such that span{y~} + (span{y*})± is dense in X. 

Moreover [11] in loo there are two quasi-complemented subspaces Y and Z such 

that, if {Yi} and {zi} are minimal systems with Y D {Yi} and Z D {zi}, span{yi} 
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dense in Y and span{z~} dense in Z, then {Yi} LJ {zi} is never minimal. 

Regarding the existence of an M-basis, we recall that this fact implies that  X 

has an equivalent norm such that in the new norm X shares many properties of 

11 (I)[13]). 

Regarding the strong M-bases: The existence of the M-basis does not imply 

the existence of the strong M-basis [2]; while the existence of the strong M-basis 

implies the existence of an equivalent locally uniformly convex norm [1]; on the 

other hand, there is in [41] an example of a Banach space with an equivalent 

locally uniformly convex norm, but without M-bases. 

Recently, we have been informed about the following results of Aleksandrov 

and Plichko [3], about the relations between the strong M-basis and the norming 

M-basis, for a Banach space X: 

(i) If X has a norming (countable norming) M-basis, then X has a strong 

M-basis. 

(ii) There exists a Banach space X with a strong M-basis, but without a 

norming M-basis. 

Finally, about the Auerbach M-bases we recall [12], [14] and [43]. 

ACKNOWLEDGEMENT: To Professor Zippin, who checked the paper and 

improved the English and the terminology; in particular for his encouragement. 

1. T h e  f in i te  t r a n s f o r m a b i l i t y  o f  B a n a c h  spaces  

Two well-known definitions: We say that a sequence {yn}nm__l (1 <_ m _< c~) is 
x m a P (1 + e ) -equiva len t  to another sequence { n}n=l of X if, for any { ,~}n=l of 

numbers (p = m if m is finite, otherwise 1 ~ p < c~), 

1 P P 
1-t-e Ea~Xn < ~'~a~yn ~ ( 1 + e ) E a ~ x n  • 

n = l  n~--I n = l  

We recall that  the p r o j e c t i o n  c o n s t a n t  A(X) of a finite-dimensional Banach 

space X is min{A: for all Y D X there is a projection of norm < A from Y on X}. 

Now three further definitions. If X and Y are two Banach spaces, we say that: 

(Dh) Y is finitely constructible in X 

if, for any ¢ > 0 and for any finite-dimensional subspace ]Io of Y, there is some 

couple of subspaces X0 and Z0 of X such that d(Yo, Xo/Zo) (the B a n a c h - M a z u r  

d i s t ance )  < 1 + c. 
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Assume that Y is finitely constructible in X; we say in particular that: 

4=~(b) 
,~(c) 
**(d) 
<=>(e) 
**(f) 

(D6) Y is finitely represented in X 

if in (Ds) we can always have Zo = {0}; 

(DT) X is finitely transformable in Y 

if in (D5) we can always have Xo = X. 

(D6) is already well-known in the literature. Then (D6) and (DT) become two 

special cases, in opposite directions, of (D5). In this paragraph we are mainly 

concerned with (D6) and (Dz); indeed (Ds) will appear only in Proposition 1.3. 

The next two propositions are already partially known and they connect (D6) 

and (D7), in the particular cases of Y = co and of Y = ll. 

The main fact of the first proposition is the characterization of the finite repre- 

sentability of 11 in X, by means of the finite transformability of X in co; another 

fact is that in general there are no relations between (Da) and (DT): Indeed, for 

co, (Da) is strictly stronger than (D7), while for 11 it is the contrary. 

PROPOSITION 1.1 : For a Banach space X we have the following implications and 

equivalences: 
(a) co is finitely represented and uniformly complemented in X ,  with the 

projections bounded in norm by 1 + e, for each fixed e > 0. 

co is finitely represented in X.  

X is finitely transformable in co. 

11 is finitely represented in X .  

X is finitely transformable in 11. 

11 is finitely represented and uniformly complemented in X ,  with the 

projections bounded in norm by 1 + e, for each fixed e > 0. 

Remark 1.1: The implication (b) ==~ (a) is well-known, since A(I~) = 1 for 

each n; in particular the spaces l~ are the only finite-dimensional spaces whose 

projection constant is 1 ([9] and [29]; moreover see [65] for a very simple direct 

proof). We also recall that (b) ~ (a) is the finite version of the well-known fact 

(Sobczyk [50], for a shorter proof see Veech [59] (also [25] Th. 2.f.5, p. 106; or [61] 

Th. 4, p. 146), for another simple proof by means of the biorthogonal systems 

[54] (Remark, p. 502)): 
"If co is a subspace of a separable X, then co is complemented in X and there 

exists a projection P : X --~ co with IIPII _< 2"; moreover, this fact characterizes 

c0 (Zippin [64]) ("separable" is necessary since co is not complemented in t~) .  
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Remark 1.2: We point out that the implication (b) ~ (c) is strict, otherwise the 

false equivalence (b) ~ (d) would follow. Also the implication (e) ~ (d) (that 
is (f) ~ (d)) is strict; otherwise, by Reference IV* of the Introduction, every 

Banach space would have uniformly complemented subspaces, while for instance, 

in [35], there is a separable infinite-dimensional Banach space X, with X and 

X* of cotype 2 and without the approximation property, where the norm of any 

rank n projection on it is of order x/n. 

The next proposition is well-known and it will simplify some proofs of §2; it 

concerns the following definition: If X and Z are Banach spaces we say that Z 

is i somorph ica l ly  f in i te ly  r ep re sen ted  in X (X is i somorph ica l ly  f ini te  

t r a n s f o r m a b l e  in X) if there exists a positive number K such that, for any 

finite-dimensional subspace Z0 of Z, there exists a subspace X0 of X and an 

isomorphism 

T :  Xo --+ Zo (T:  X/Xo  -+ Zo) with [[T[[. IIT-'[[ < K. 

PROPOSITION 1.2: For a Banach space X we have the following equivalences: 

(a) Co is isomorphically finitely represented in X 

(b) co is finitely represented in X .  

(c) X is isomorphically finitely transformable in co 

<=~ (d) X is finitely transformable in co. 
(e) 11 is isomorphieally finitely represented in X 

~=~ (f) 11 is finitely represented in X.  

Since (a) ~ (b) and (e) ¢~ (f) are already known ([S], see also [23] and [27]), 
we only point out that  (c) ~ (d) follows from (c) ~ (e) (practically the same 

proof of (c) ~ (d) of Proposition 1.1 works) and from (e) ~ (f) and finally from 

(d) ~ (c) of Proposition 1.1. 
The next proposition gives a characterization of the Banach spaces where 11 is 

finitely represented and those which are finitely transformable in /1. Although 
we do not need these two characterizations in this paper, we state them for 
completeness (the proof easily follows from the proof of (d) ~ (c) of Proposition 

1.1). 

PROPOSITION 1.3: Let X be a Banach space, then: 

(a) ll i8 finitely represented in X 

¢:~ (b) Every Banach space is finitely construetible in X.  

(c) X is finitely transformable in ll 

(d) X is finitely transformable in every Banach space. 
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Remark 1.3: Proposition 1.3 is a kind of finite version of the well-known fact that  

every separable Banach space is a quotient of/1.  In particular this proposition 

corresponds to an analogous property for loo: 

"l~o is finitely represented in X <=> every Banach space is finitely represented 

in X"  (since loo contains copies of any separable Banach space). 

Proof  of  Proposition 1.1: (d) ~ (c). The first part of our argument is just 

a finite-dimensional version of the fact that every separable Banach space is a 

quotient space of 11. We consider here a slightly more general situation than 

needed; this will be used later in the proof of Proposition 1.3. Recall that  ll 

is finitely represented in the Banach space X and let W be any space. Fix a 

positive integer m and an m-dimensionM subspace Z of W. Using Reference 

V* of the Introduction, given e > 0 and letting e' be a positive number with 

{Wn}n=l in Z so that  (1 + e')(1 + me')  < 1 + e, we select N 

{wn}~__l is an Auerbach basis of Z and the sequence 

{W~}n=m+l is a sequence of elements of norm 1 (1.1) N 

which is e'-dense in the unit sphere of Z. 

e N By our assumption, there exists a sequence { ~}~=] in X which is (1 + d)-  
N 

equivalent to the unit vector basis of/N. Let Y = {EN_I b,~en: E,~=I bnwn = 0}. 

We claim that  

(1 .2)  s p a n { e • } N = l  = span{en}nm=l  q- Y. 

Indeed, it is clear that (span{e.}m=l) n Y = {0} and, if m + 1 _< n _< N and 
m m w,~ = - ~.k=l akwk, then en + }-~-k=l akek E Y and hence e .  C span{ek}~=l + Y. 

Our first step is to prove that  {en +Y}~=I is (1 +d)-equivalent  to {w.}.ml (this 

fact already gives (a) ~ (b) of Proposition 1.3). 
b N . N Let us point out that for any sequence { ,~}n=l of numbers, If ~ n = l  b~w~ = O, 

N bnwn • t h e n  E n = m + l  [b,~[ > ~ N  m rn - n=m+lb,~wn = ~,~=1 Therefore, if {a,~}~= 1 

is any given sequence of numbers, then (in the first part we use the norm of X,  

in the  second part the norm of W): 

IEan(en+Y) = i n f {  anen+ E 
n = l  n = l  n = l  

1 > - -  
- l + d  

1 

-- l + e '  

N 

bnen : E bnwn ~ 0 I 

n = l  n = m + l  n = l  

N 

n=l n=l n=l 
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1 m ~--~bnw~ { ~}~=1} --> 1 + e  - - - - ; i n f  { E l a n  +b '~ l+  : b m 
n = l  n = l  

_ 1 ~ anWn 
1 + e  ~ 

n = l  

(the last inequality following from the fact that  

/ Eanw,~ < E(an+b,Own + _<~lan+b~l+ 
n = l  n----1 n----1 n = l  n = l  

On the other hand, suppose that  a' = 1] ~nm__l a=w,~)l and choose m < n' < N 
such that  II Enm----1 anWn - -  a'Wn, II < e'a'. If a'Wn, = ~n=l alnWn then, clearly, 
a' en, - ~m_ 1 a" en • Y and, by (1.2) and (1.1), 

m m m 

~--~.(a. - a ' ) (e~ + Y) _< :~-'~.(a~ - a~)e~ _< (1 + ~') ~ la~ - a ' l  
n = l  n = l  n = l  

(1 ÷ e')m. max{lan - a'l : 1 < n < m} 
m 

< (1 + ~')m ~ ( a ~  - a')~n 
n = l  

m 

= (1 + ~')m E anWn - a'wn, <_ (1 + ~')me'a'. 
n ~ l  

It follows, again, by (1.2) and (1.1), that  

m m m 

E a n ( e n + Y )  <_ E a ~ ( e n + Y )  + E ( a n - a ' ) ( e n + Y )  
n = l  n = l  n = l  

m 

<- E a ' ( e n + Y )  +(l+e')me'a' 
r t = l  

m m 

~ E a ~ e n - - { E a l n e n - - a ' e n  , } + ( l + e ' ) m e ' a '  

n=l n=l 

< (1 + ~'1(1 + . ~ ' ) a '  

which completes the first step (and hence the proof of (a) ~ (b) of Proposition 

1.3). 
By dualizing the fact that  {en + Y}M= 1 is (1 + e)-equivalent to the Auerbach 

basis {wn}~=l we get that  there exists a sequence {F,~}'~= 1 in (X/Y)* which 
forms, together with {e.  + Y}~=I, a biorthogonal system for which 

(1.3) HFn l l<_ l+e  for a l l l < n < m .  
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Now suppose that W = co and {w,~}n~=l is the natural basis of l~.  Let T be 

the quotient mapping of X onto X / Y ,  let e~ = T*F,~ E X* for 1 _< n _< m 

and put H = (span{e~}nr"=l)T; let S be the quotient mapping of X onto X / H  
and, for each n with 1 < n < m, let G,~ E (X/H)* such that  e ;  = S*Gn, hence 

Ilanll = IIGll; then, since {F~}nml is (1 + e)-equivalent to the unit vectors basis 

of l~ and since H D Y, we get that for every { a l , . . . ,  am}  E I m 

m 

max{lanl : 1 < n < m} = max{le~(~TaieJl: 1 < n < m} 
i = l  

m 

: m a x {  G n ( E a ~ e ~ + H ) } : l < n < m  } 
i=1 

m 

(1.4) < ( l + a )  E a i e i + H  
i=1 

< ( l + a )  E a i e i + Y  
i=1 

< ( l+e )2max{[an l  : l < n < m } .  

This completes the proof of the implication (d) ~ (c); therefore we already have 

(a) ¢* (b) => (c) ~ (d) (since the proof of (b) ~ (c)is  analogous to the proof of 

(b) ~ (a)). 
Regarding (e) => (d) we are going to prove, more in general, that: "/1 is finitely 

constructible in X => 11 is finitely represented in X" (hence also (a) 4= (b) of 

Proposition 1.3 will be proved). 

Therefore assume that in X, for some subspace U, 

{e n -~- U}~n=l is (1 + ½e)-equivalent to the natural basis of l~; 

then, for each n with I < n < m, we can choose e,~ in e,~+U such that Ile,~ l[ < l+e;  
a m hence for each sequence { n}n=l of numbers it follows that 

1 EI .I < < Eane. < I .I.II A < ( l+a )EIan l .  
l + e  . . . .  n = l  n = l  n = l  n = l  n = l  

Then also (e) ~ (f) (hence (e) ¢* (f)) holds because, as indicated above, for each 

u E U we have that 

n~---1 

U E - -  anen • anen q" ~ anen >-- 1 + e lanI >- (1 q- c )  2 n = l  
n=l n=l 
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Finally, regarding (c) =~ (d), we only recall (see for instance [26], proof of corollary 

1.f.13, pp. 92 93) that,  in the real case, if for a subspace U of X{e'~ + U}n=l is 
e m ! 2 T M  (1 +c)-equivalent to the natural basis of l~", there exists { ~,~}n=l in span{en}n= 1 

such that  {en + U}nm=~ is (1 + a)-equivalent to the natural basis of l~ ~ (precisely 

e n are the vectors 

(1.5) 

I e I i / 
e l  ~- e 1 + " ' "  + 2 m - 1  - -  e 2 r n - l + l  . . . . .  e 2 m ,  

/ I I I I I em = el - e 2 + e a  - e 4 + " ' "  - t - e 2  . . . .  1 - - e 2 m ) ;  

now it is sufficient to use the above proof of (e) ~ (d); in the complex case the 

procedure is analogous. 

This completes the proof of Proposition 1.1. 

Proof of Proposition 1.3: We have already proved (a) :~ (b) during the proof 

of (d) ~ (c) of Proposition 1.1 and (a) ~ (b) during the proof of (e) ~ (d) of 

Proposition 1.1; therefore we have only to prove (c) ~ (d). 

Assume X finitely transformable in 11, consider any Banach space W, fix c > 0 

and any finite m-dimensional subspace Z of W. Then we have again (1.1) and, 

{en}~=l in X such by our assumption, there exist a subspace V and a sequence N 

N (1 e~)-equivalent to the unit vectors basis of ll N, with that {e~ + V } n = l  is + 
X = span{en}N1 + V; therefore (1.2) becomes 

N m X / V  = span{en + g}n=l  =- Y / V  ~- span{en + V},= 1 

N N with Y = { ~ = 1  b,~en : ~n=l  b,~w,~ = 0}; that is, setting U = Y + V, X = 

span{en}~=l + U. Moreover, by the first part of the proof of (d) ~ (c) of 

Proposition 1.1, we have that 

l e m m Y / V  ( 
1 +  E a n w n  <- E a n ( e n + V ) +  

n = l  n = l  
m 

m 

; Eao n÷  ) 
n = l  

for any {an}nm=l of numbers; that is X is finitely transformable in X, which 

completes the proof of Proposition 1.3. 

Finally we point out the following fact: 
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LEMMA 1.1: For each posi t ive integer m there exists another integer M ( m )  such 
¢ ~ 2 M (  rn ) _..- / 2 M ( m )  / 2 M (  m ) 

that,  i f  ~eklk=l  is the natural  basis o~ ~oo , then _~ has an Auerbach 
f "b2M(m) 2 M ( m )  basis tXn~n=l = WM(m)({ek}k=l  ) which is 2M(rn)-3m-3-equivalent  to the 

natural  basis o f  l 2u(m) . 

The proof  follows from a more general fact of [15], where M ( m )  is a suit- 

able integer such tha t  fx  t2u(m) defined by means of the "Walsh-elements" on l_ rt J n = l  , 

~2M(,~) (analogously to (1.5) where the en were the "Rademacher  elements" ek}k=l 
! 2 TM on {en}n=l) ,  is 2M('~)-am-a-equivalent  to the natural  basis of l~ M('~) (Lemma 

1.1 has an easy, direct proof which is also valid in the complex case.) In this 
r ~ 2  M ( m )  

paper  we wish only to repeat  the definition of ~Xn~n=l : For each p ,k  with 

1 < p <_ M ( m )  and 1 < k < 2 p we set 

k .2M(m)-p  

Up'k = E ( then, clearly, Bp, k = Bp+l,2k-1 + Bp+l,2k). 
s=(k--1)2M(m)-~-t-1 

21 
We star t  with xl  = BI,1 + B1,2 and x2 = B I j  - B1,2 and we write {Xn}~=l = 

Wl({Bl,k}2k~_l). Now we proceed by induction: Suppose tha t  1 <_ p <_ M ( m )  - 1 

2p = W. ~IB k ~2p ~ where, for each n with 1 < n < 2 p, and { X n } n =  1 pVl. p, J k = l ]  

2 p 2 p 

= = ( + ) 

k = l  k = l  

with Op,~,k C {--1,1} for 1 < k < 2 p. Then  we set 

2p+1  2 p 
Xn}n=2,+l = Wp({Bp+l,2k-1 - Bp+l,2k }k=l),  

tha t  is we set, again for each n with I < n < 2 p, 

2 p 

X2pq-n : E O p ' n ' k ( B p w l ' 2 k - 1  --  BP-t-I '2k)" 

k = l  

1 12"+1 = W, l / r B  lk  12p+~s and, if M ( m ) -  Hence we have defined tXn jn=l  p+ ~l P+ , f k = l  ) P : 

I x "1.2 M ( m )  2 M ( m )  1, t nJn=l = WM(m)({ek}k= 1 ). From this definition it easily follows tha t  
X-.,2M ( '~ ) 

Xn = Z.,k=l On,kek, with 0,,k E { - 1 ,  1} for 1 _< k < 2 M(m), for each n with 
n rl r t  H , 1 < n < 2M(m); moreover, for each n ' ,  with 1 < n' ¢ 5_ 2 M(m) 

{~, 'I. 2 M ( m )  ~l..l~_ 2M(rn)-I I I fL, ll~. 2M(rn)-I 
~Jk~--I --~ 1. rv J k = l  v ~ J k = l  

with O~,,k, = O~,,,k, and On,,k . . . .  On,,,k,, for 1 < k < 2M(m)-l;  from this fact it 
l ?k 2 M ( r a )  is easy to  obtain  tha t  t x n j n = l  is an Auerbach basis of .~l 2M(~). This completes 

the  proof  of L e m m a  1.i. 
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Remark 1.4: In the next paragraph we shall have to construct, in a Banach 

space X where 11 is finitely represented, a sequence {Vm} of subspaces of X with 

the properties of (4) of the Introduction. We recall that, if Xm is a finite m- 

dimensional subspace of X, then A(Xm) < v/m (for a better estimate see [21], an 

improvement of previous estimates again of Konig-Tomczak Jaegermann (1990), 

Lewis (1988), Konig-Lewis (1987) and Kadec-Snobar (1971)). From this fact 

it is easy to obtain (a) of (4) of the Introduction, with the further condition 

of Hm < (r(m))l/z; but the essential difficulty lies in the proof of (b) of (4). 

Therefore, as we have already said in the Introduction, we shall prefer to start 

from (d) ~ (c) of Proposition 1.1 and afterward we shall use Lemma 1.1. 

2. E x i s t e n c e  o f  t h e  M-bas i s  w i th  con t ro l l ed  coeff ic ients  

The next lemma is obvious and we give its proof only for completeness. 

LEMMA 2.1: Let X be a Banach space with the following property: there exist 

p > 1 and two positive numbers H and K such that, for any positive integer r, 

there exist a subspace Xr of X with d(Xr, lp) < H and a projection Pr of X onto 

X~ with [[P~[[ < K.  Then, if U is a q-codimensional subspace of X with q finite, 

for any positive integer m, there is a subspace U,~ of U with d(Um, lp ) < H and 

a projection ]am: U -+ Um with IIP'll < HK.  

Proo~ By hypothesis, for any positive integer r, there exists a sequence 

{v~,n}~=l so that 

r X D X~ = span{vr,n},~=l and there is an isomorphism 
r T~: Z~ --+ tp with llT~ll. I]T~-111 < H; 

(2.1) 
Tr(v,-n) = e~ for 1 < n < r where {en}r=l is the natural basis of Ip; 

moreover, there is a projection P~ : X ~ X~ with IIP~II < K. 

Let U be a q-codimensional subspace of X with q finite Fix a positive integer 

m and set 

g(0, q) = 0 and, for each n >_ 1, g(n, q) = g(n - 1, q) + q + n, 

(2.2) 
hence g(n, q) = nq + ~ k. 

k = l  

By (2.1) we can choose a subspace V0 of U n X~(m,q) with dim V0(= dimension of 

Vo) = g(m, q ) -q .  By (2.2), g(m, q ) - {g (m ,  q ) - q - 1 }  = g(1, q), hence by (2.1) we 
r lg(1,q) 

can set V0 = span{ul}+V0,1 with U 1 E spa4"l(Vg(m,q),nln=l and with dimVo,1 = 
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~- _ ~-~g(m,q) g ( m , q ) - q - - 1  (indeed ifVo span{wk}g(ml'q)-q where wk = d . ~ n = l  a k n V g ( m , q ) , n  

for each k with I < k < g(m, q)-q,  if there exists k(1), with 1 _< k(1) _< g(m, q ) -q  

and ak(1),g(m,q) ¢ O, we set, for each k with 1 _< k ( ~  k(1)) _< g(m, q) - q, w~ = 

W k  --  ( a k , g ( m , q ) / a k ( 1 ) , g ( m , q ) ) W k ( 1 )  , hence t ' fW(1)~g(m 'q ) -q - lk  J k = l  = [bW !kJk(7~k(1))=l~g(m,q)-q i s  a 

sequence of g(m,q)-i span{vg(m,q),~in=l ," the same procedure gives (w (2)l-g(m'q)-q-2Jk=l 
n r ] g ( m , q ) - 2  in spa  ~vg(m,q),nln=l and so on, a l together  for g(m, q) - q - 1 t imes).  By  

the same procedure,  since by (2.2) 

g(m,q) - {dimVol - g(1,q) - 1} -- g(m,q) - {[g(m,q) - q -  1] - q(1,q) - 1} 

= g(1,q) + q ÷ 2 --- g(2, q), 

r / g(2,q) 
by (2.1) we can set Vo,1 = span{u2} + V0,2 with u2 E spant%(,~ q ) , n f n = g ( 1  q)+l 

and with dim Vo,2 = g(m, q) - q - 2, and so on. 

Proceeding in this way, a l together  for m times, we obtain  the subspace  Um = 
g(~,q) 

span{Un}nm=l of V0, where u,~ e span{Vg(m,q),k}k=g(n_l,q)+l for 1 _< n < m 
m f^  Ig (m,q )~  ( tha t  is {u,~}n=l is a b l o c k  s e q u e n c e  of IVg(m,q),~n=l J. Therefore  by (2.1), 

r ~g(m,q) 53) it follows {Tg(m,q)(Un)}m_l is a block sequence of len~n=l  , hence ([25] p. 

tha t  span{Te(m,q)(U,~)}~_ 1 is isometric to Ip  and there is a project ion P,"~ : 

liP;ill " lg (re'q) --4 span{Tg(m,q)(u~)}~= 1 with -- 1. Sett ing 7 ~  = Tg(m,qhv m ,P,~ = 

-1 " P,"' we have tha t  7 ~  is an i somorphism a n d  P "  = 

Um -4 lp with [[T~m[[ - ][T~m-l[[ < H , P  m' is a project ion X --+ Um with [[P~'[I < 

HK,  P' m is a project ion U --+ Um with ]]P'~]] < ]]P~'I]" This  completes  the  proof  

of L e m m a  2.1. 

We s ta r t  with the Banach spaces where ll is finitely represented.  

The  next  l e m m a  improves (d) =* (c) of Proposi t ion 1.1. 

LEMMA 2.2: If ll is finitely represented in a Banach space X ,  then, for any 

finite-dimensional subspace Y of X,  X / Y  is finitely transformable in Co. 

Proof: Let Y be a finite-dimensional subspace of X;  by (e) ~ (f) of Propos i t ion  

1.2 and (d) =v (c) of Proposi t ion 1.1 it is sufficient to see tha t  11 is isomorphical ly  

finitely represented in X / Y .  Then  let U be a subspace of X such tha t  Y + U = X 

with Y A U = {0}: since U has finite codimension, by the proof  of L e m m a  2.1, 

11 is finitely represented in U; on the other  hand,  since Y has finite dimension,  

X / Y  and U are isomorphic;  hence 11 is isomorphically finitely represented in 

X / Y ,  which completes  the proof  of L e m m a  2.2. 

LEMMA 2.3: Let X be a Banach space where ll is finitely represented and let 

{ Y n ,  * Q Yn}n=l be a biorthogonal system of X .  Fix e > 0 and a positive integer m. 
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Then  t h e r e  e x i s t  T • T X *  {Xn}n_l  in X a,nd {Xn}n= 1 ilq such that (see f e m l n a  1.1): 

{Yn, * Q * T Yn}n=l U {Xn, Xn}n= 1 iS biorthogonat with IIx~ll = 1 aad 

IIx;,ll < 2 + fo r  ] < < T,  ,vhere  T = moreo,e , setting 
T 

n = l  

is 2 M ( m ) - 3 m - 1  -equivalent to the natural basis of121M u" ) . 

Proof: Using Lemma 2.2 and letting e / be a positive number such that 2(1 + 

3eI) 2 < 2+¢ and (1 + 3 c ' )  2 < 2, we can select, for any positive integer /~ ,  {Un}n= 1 !  R 

in X and ~ ,.~R X* i?'tn in=l in such that 

(2.3) 

R 

{ '  '*'" { n  '*} ttn, Un J'n----1 is biorthogonal and, setting U' = X CI Un± 
n = l  

Q 

and W ' = U '  n {  f'~ Yn±}, U 'D  Y = s p a n { y n } Q _ l ,  
n = l  

! R hence U' = Y + W' and {u~ + U }~=1 is 

(1 + e')-equivalent to the natural basis of l~. 

(Indeed by Lemma 2.2 there exists in X / Y  a biorthogonal system {UnArY,! Fn}n=lR 
ii R 

such that,  setting U" = ( X / Y )  n {Nff=l Fn±}, {(U'n + Y) + U }n=l is (1 + e')- 

equivalent to the natural basis of IR; setting now u'n*(x ) = Fn(x + Y )  for each 
R I* x of X and for I _< n < R, moreover U' = X n {N~=lUn±}, it easily follows 

that U' D Y and U" = U ' / Y ;  on the other hand ( X / Y ) / U "  = ( X / Y ) / ( U ' / Y )  

and X / U '  are isometric, therefore also ' , R {u n + U }n=l is (1 + d)-equivalent to the 
natural basis of l~.) 

We shall use the following two easy facts: 

(2.4) 

y N N If { n}n=l is (1 + e')-equivalent to the natural basis of Ioo , setting 
! ~ if it i! i 

{n}N:l = {nk}N=l U {nk}N=l, we have that {Vn, k -k span{Vn,i,}iN=l}l~£=l 

is still (1 + e')-equivalent to the natural basis of 1N' 

j'_ ~lv' of numbers with max{lawkl : 1 < k < N ' }  = 1, (indeed, for any t~n~ik=l 

N I N t 
1 H 

1 + d  <- EaWkVn'k +spaU{Vn'( }N-1 -< Ean'kVn 'k  ~ 1 +el) .  
k=l k=l 
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Moreover,  let N N {Wn}n= 1 be sequence {Vn}n=l be  a sequence of X and let any of 

any no rmed  space, let V, V '  and V" be subspaces  of X such that :  

(2.5) 

" V" N V '  D V D V , moreover  {Vn , g -}- V }n=l and {vn + }n--=l a r e  

N H-equivalent  to {wn}n=l; 

N W N then  {vn + V}~=I too is H-equiva lent  to { n}~=l 

{an}n=l of numbers ,  (indeed, for any N 

N N N 

H Eanwn  ~ E a n v ~ + V '  ~ E a n v n + V  
n = l  n = l  n = l  

N N 

E a n v n + V "  < H  E a n W n  ). 
n = l  n = l  

Proceeding in this way, since Y has finite dimension, for each fixed posit ive integer 

T,  there  exists ano ther  posit ive integer R(T) such that ,  if in (2.3) R = R(T), 
{n}n= l  , which we may  call then  there  exists a subsequence of 2T elements of R 

2T {n}n=l without  loss of generality, such tha t  the following two proper t ies  hold: 

(i) S e t t i n g u "  ' " " Y n e Y a n d u ~ • X N r ' - ' Q  . =yn+u n wlth ' l [ [ n = l Y , ~ ± ~ f ° r l < n < R ,  

we have t ha t  IIY" - Yn+T' I[ < d /T  for 1 < n < T. 

{an}n=1 of numbers  with max{Ian[ : 1 < n < T} = 1, there  (ii) For any fixed T 

exist y and y '  in Y, with IIy - y'l] < e', such tha t  

' W '  an_TU n 4- Y 4- 

= I E an-TUln+y'+W' 

T T T 

E v, E w, E '+y+w' anu~ + = anu: + Y + = a,u~ 
n=l n~ l  n=l 

2T 2T 

E an-Tu:+U' = E 
n=T+l n = T + l  

2T 

n=T+l 

(by (2.3) we m a y  assume IIu'l[ < 2 for 1 < n < R, hence, set t ing 

Q 

in f{d i s t (y ,X  n { A  Y*±}):  y • Y'Ilyll = 1} = d > 0, 
n = l  

the  following holds: In (i), IIy~l[ < 2/d for 1 < n < R; in (ii), by our assumpt ions  

T ' m a x { l a k l :  1 < k < T}  1 ,{n}~_ 1 D { k}k=l} is no rm the  s e t  { E k = l  akUnk : : n T 
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bounded by 2T, hence the set of all the possible y, y~ which appear in (ii) is norm 

bounded by 2T/d,  since X A {NQ-1 Y'x} ~ W'; now it is sufficient to point out 

that  T and d do not depend on R). We are going to prove that, setting 

(2.6) 

T 

. . . .  , ' * f o r l < n < T ,  U = x N { N  * } U n ~ ~t n -- Un+ T a n d  u n ~ u n ?2n± 
n=l 

and W = U n y~± , if follows that {y~, Yn}~=I u {u~, u~}~= 1 
n = l  

T is biorthogonal, hence U = Y + W, moreover, {un + U}n=l and 

{u~ + w}T=I  are, respectively, (1 + ~')-equivalent and 

2(1 + c~)-equivalent to the natural basis of l T.  

{ U n } n : l , X  N { N ~ = I  y ~ ± }  > { U n } n = l ,  m o r e o v e r ,  By (i) and by the definition of T Q * T . 

by (2.3), by (i) and by the definition of • T 

I* H H I* I 
= _ ~ + ~ )  - ( y "  - y ~ + ~ ) )  = ~ ( ~ )  u * ( u n )  : u m ( u ~  - u~+T)  u m ( ( ~  ' ' '* ' 

for l < m , n ~ T ;  

u~}~= 1 biorthogonal. Let us Y~}n=l U {u~, is hence by (2.3) it follows that {y~, * Q • T 

point out that  

(2.7) I R U = U t + span{Un}n=T+ 1 and U D W D W ~ 

U ! /*IR (indeed, for the first one, since by (2.3) { n, un .~n=l is biorthogonal, by the 
l*  / R definitions of (2.6), U = X N u ~=1 n±J = + span{Un}n=T+l' 

SO we may use now the definition of U' in (2.3); while for the second one, by the 

definitions of W in (2.6) and of W' in (2.3), U D W = UN {NQ=I y ' x }  = { U ' +  

, R n ± }  = ~- { s p a n { U n } n = T + l }  N { N n = l  Y n ± }  D W ' )  span{Un}n=T+l}n{N~_ly* W '  , R Q * 

(we assume that  the notation A D B includes the case A -- B). 

T (1 + e~)-equivalent to the natural basis of By (2.7) and (2.4), {u~ + U}~= 1 is 
T .  loo , on the other hand, since U D U ~ D Y, by (i) 

! 
u~ + U (u:  ' = Yn+T)  = U n n - -  U n + T )  - -  (y~ - ' + U + U for 1 < < T; 

hence {un + u}T=I tOO is (1 +et)-equivalent to the natural basis of l T.  Therefore, 

T 2e~)-equivalent to the natural basis in order to prove that  {Un + W}n=I is 2(1 + 
of T l~ ,  by (2.5) and by the second relation of (2.7), it is sufficient to check that  

t T {un + W }n=l is 2(1 + 2e')-equivalent to the natural basis of 1T. Indeed, for any 
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tha t  is 
T 

1 < ~ a n u n ÷ W '  < 2 ( + 2 ~ ' ) .  
1 + e '  - 

n = l  

This completes the proof  of (2.6). 

At this point, according to Lemma 1.1 for T = 2 M(m) and sett ing , T (x~}~=~ = 

T l -  ~2 M(m) of Lemma 1.1 WM(m)({Uk}k=l), moreover keeping in mind tha t  t z ~ , ~ = l  

{G~}~=I in (X/U)* is an Auerbach basis, by (2.6) we have that  there exist T 

and ~ ,.~T X* span{un}T=l D {X~}n= 1, {x'~ + V}n=l ~Xntn=l in such that:  , T . T 
T and {x' n + W}n= 1 are, respectively, 2M(m)-3"~-3(1 + e')-equivalent and 

2M(m)-3m-32(1 ÷ 2¢')-equivalent to the natural  basis of T. ~ ,.~T 11 , {X~, and X n  J ' n = l  

{x'~ + U, G,~}T=I are biorthogonal;  moreover, for each n with 1 < n < T: 

1 1 
< IIx'~ ÷ u I I  < 1 + ¢', 2(1 + 2~') l + c '  - 

< [Ix" + WII < 2(1 + 2~'); X'n*(X ) = Gn(x + U) 

for each x of x ,  llx~ll = I IG~II  _< 1 + ~ '  and xn±'* D U D Y. 

By what  we have specified above, {y=, * q x '  ,*IT Y,}n=l U { ~, xn J==l is biorthogonal.  

T (2.6), and hence tha t  of Now the reason for the presence of {un + W},~= 1 in 
T (x'~ + W},~=I, becomes clear: For each n with 1 < n < T there exists w~ in W 

ii 
" -- ' + wn (hence x~ + U ' + U), we get tha t  such that ,  set t ing x~ - x~ = x~ 

1 < IIx'~ -4- UII = IIx~ ÷ UII < IIx~ll < 2(1 + 3z'). 
1 + ~ '  - 

Q . . Q c " I * ~ T  
Y n  } n =  l remains  Therefore, since X ;3 {Nn=l  Y~±} D W, {Yn, U ~ X n ,  x n t n = l  

" T 2 M ( m ) - - 3 m - - 3 ( 1  E')-equivalent to the bior thogonal  and {x~ + U}n= 1 remains + 
T natural  basis of l T. It  is now clear tha t  the introduct ion of {u,~ + W}n= 1 was 

tt T necessary in order to get {llxn[[}~=l to be bounded by 2(1 + 3~'). Finally, 
r l  t l  • / ,  Is  

sett ing for each n with 1 < n < T, xn = zn/llx~ll a n d  x~ = x~ IIx~ll, by our 

assumpt ion  on e', the assertion is verified. 

This completes the proof of Lemma 2.3. 

Passing to the Banach spaces of type > 1, we shall prove an analogous property. 

LEMMA 2.4: Let X be a Banach space of type > 1. There exists a positive 

integer H such that, for each positive integer m and for each biorthogonal system 

{ Y n ,  * Q X T * T X *  {x~}~=l  in Yn}n=l of X ,  we can select { ~}~=1 in X and such tha t  

{Yn, * Q * T Xn}n= 1 biorthogonal with Ilxnll = 1 and ][x*ll < H for Y~}~=I U {x~, is 
T . 1 < n < T; moreover, setting V -- X N {~n=l xn±} (hence X = span{xn}T=l + 



78 P. T E R E N Z I  Isr .  J. M a t h .  

U), {xn}n=lT is (1 + 1/2m)-equivalent to the natural basis of l T and there exists 
a positive number d -- d(T), such that 

{an}n=1 of numbers, and for each sequence T 

T T 
d i s t ( E  anx~, U) > all E anx~ll" 

n = l  n = l  

Proof: By Reference IV* of the Int roduct ion (see also Lemma 2.1) there  exists 

an integer H (which does not depend on {y~}nQ=l) such that  

s e t t i n g Y - - s p a n { y n } Q n = l a n d V = X n { N  Qn=lyn±* } 

(thus get t ing X = Y + V), for each positive integer k we have that :  

{vk,~}n=l is (2.8) Y + Vk + Vo,k with Vk = span{vk,n}~=l, where k 

(1 + 1/2k)-equivalent to the natural  basis of 12k; moreover, there  

exists a project ion Qk: V -4 Vk with [[Qkl[ < HI8 and V0,k = Qk±; 

finally, in f{d is t (x ,Y + V0,k): x C Vk with [[x[[ = 1} = 4d > 0 

( that  is, d does not  depend on k: Indeed, since Y N V = {0} and Y has finite 

dimension, there  exists a positive number  d' such that ,  for each v of V and for 

each y of Y, dist(v, Y) > d'llvll and dist(y, V) > d']ly]] , hence for each x of Vk we 

have tha t  d i s t (x ,Y  + Vo,k) > d'. dist(x,  V0,k) >_ d'(8/H)llxll ). We fix a suitable 

positive integer T and, for each positive integer R (which will be be t te r  defined 

later),  two further  positive integers T '  and T" ,  as follows: 

m (  2 2 m +  1 ~ 2  T" T' 
(2.9) T _ > 2  l - - - - ~ j ~  , T ' = R T  and - - E [ Q + 2 ( i - 1 ) + I ] .  

i = 1  

Using (2.8) for k = T", (2.9) and Reference III* of the Introduct ion,  we can se- 
! ,, Q + I  / .  p. p 

= = = X 1 ( X l )  , such lect x I • span{v T ,n},~=l and x 1 • X*, with [Ix~ll IIx~*l[ 1 
tha t  '* , 2Q+4 Xl± D Y; by the same procedure we can select x 2 • span{vT,, n}n=Q+2 

'* '* ' '* and and x 2 • X*, with IIx;ll + IIx~*ll = 1 = x 2 (x2) such tha t  x ;  • x l±  
l *  x2± D Y + span{x~}; hence, proceeding in this way, by (2.9) we are able to 

define 

I i i i  

{Xn}nT=l  b l o c k  s e q u e n c e  o f  {VT,,,n}nT=I s u c h  that ,  for each n 
(2.10) 

! P 
' t T with 1 < n < T', d l s t (xn ,Y + s p a n { x k } k ( ¢ n ) = l )  : Ilxtnlt -~ 1. 
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Moreover, there exists a projection 

r ,, ~T" ~ / T' (2.11) Q':  VT" (= spanivT ,n.~n=l) --4 span{xn}n=l with lIQ'll < 2 

T II (by (2.8) there is an isomorphism F : VT,, --+ 12 with lIFII" IIF-~ll < 

(1 + 1/2T")~). We state that,  if R (hence T') is sufficiently large, there exists a 

partition (see (2.10) and (2.11)) 

(2.12) 

I ~T'  T I '  T t'l 
X n ~ n = l  : { X n } n =  1 U { X n } n =  1 s u c h  that,  setting X '  = s p a n { X n } n T = l ,  

I f  TII' 
W = VO,T" -1- QII [-I VT,, jr_ span{xn}n= 1 and U + Y + W, there exists 

• T X* , Q • T x~}n= 1 biorthogonal {Xn}n= 1 in such that {Yn, Yn}n=l U {Xn, is 
T 

with [ I x * l l < H f o r  l < n < T a n d U = X n {  N x * ± }  
n = l  

I t  i i i  

= span{xn}n= l  + Q2 n + VO,T,, (V  -= VT,, + VO,T,, , T' VT,, = X '  + span{xn}nT=, + 
Q ~  f'~ VT, ,  Jr- Vo, T .  : X t -I- W ) .  Indeed, otherwise, for each R there would exist a 

T' subsequence of T ' - T + I  elements of {n}n= 1, which, by means of a rearrangement, 
r ~ T ' - - T + I  -- T -}- 1, we can call ~rt)n=l , such that,  for each n with 1 < n < T ~ 

(2.13) 

/ ! T II there exist u~ e Y, u~ e span{xk}k(¢n)=l, un • Q~ n VT,, 
rll It ill 

and u~ • VO,T., so that IIx'~ + ~n + G + ~n + ~,~ II < 1/H. 

But (2.13) would imply, for a sufficiently large R, the existence of n' and n", 

~ "  T I with 1 <_ n ~, < - T + 1, such that 

(2.14) 

' ' and u'n,, = an,, x~, + vn,,, u n, = a n ' X n , ,  q - V n '  
! i l T with span {Xk}k(#n,,,¢,)= 1 D {Vn,,Vn"} and m3x{]an, I, Inn,,[} < g, 

moreover with [Jun, - Un" I[ < 1/2H 

! 
(indeed by (2.13), for each n with 1 _ < n < T' - T + 1, setting u n = 

T' v--~T' ' a  ~2~t/2 21tx~n + U~ntl (since ~ k ( # , ) = l  a,,kx~, it follows that {1 + 2.,k(#n)=l[ , ,kj ] < 
tl 

by (2.10) and (2.8), r , ~T' tXntn=l is (1 + 1/2 T )-equivalent to the natural basis of l T) 
! ii ! i i  t i t  

< 4dIJx'n + un + unIi (by (2.11)) < (1/d)IJx'~ + u .  + un + un + un I] (by (2.8)) 
< 1 /dH (by (2.13)); therefore, since in (2.8) d does not depend on k (hence on 

T') ,  if R is sufficiently large (hence T' - T + 1 is sufficiently large), it would be 
'"'  f _ I T ' - - T + I  easy to verify the existence of a subsequence {hi}T1 of t W , = l  such that  
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la~,,~jl < ~ for each 1 <_ i 5Zj _< T'"'; finally by (2.13) and by the proof of (2.8) 
it would follow that 

t /  IPl  
1 I ~_Un_~_Un [i < 1 

Ilu~ll < -£ IIx~ + u~ + u~ - d 'H  for l < n < T  ~ - T + I ,  

hence Ilu~l] < 1 / d ' H  for 1 < i < T'"' ,  where T .... increases with R; therefore, if 
r i l l  

R (hence T'"') is sufficiently large, there would exist n' and n" of {hi}T=1 such 

that I]un, - u~,, ]l < 1/2H; this completes the proof of (2.14)). From (2.13) and 

(2.14) it would follow that 

(2 .15)  

LL(x', - x'n") + (an, x' ,, - a ~ , , ~ : , )  + (v~, - vn,,) 
I t  p!  i t t  l i t  

+(u~,-  ~ , , )+  ~ , -  ~n,,)lt 

2 1 
< ~ + ~-~- 

On the other hand, by (2.13), (2.8), (2.11), (2.10) and (2.14), it also would follow 

that 

- - a ~ , , x n , ) +  - ) + ( u : ,  u : , , ) + ( u ; : ;  @ ) l l  I I ( x ' ,  x '  ,, ) + ( a n ,  Xtn,, ' (V n, 72 n . . . .  

> ( 8 / H ) I I ( x ' ,  - x ' , , )  + (a~,x'n,, -- an,,x~, ) + (v~, -- Vn,, ) + (u~, -- @,)11 
> ( 4 / H ) I I ( x ' ~ ,  - x ' , , )  + (a~,xr,, - a~,,x'~,) + (v~, - v~,,)l l 

>_ ( 4 / H ) I I x ' ,  - a~,,x'~,ll > 3 /H,  

which would contradict (2.15); this means that  (2.13) cannot be true for each R, 

hence there exists a sufficiently large R for which (2.12) is true. 

We go on to verify the last relation of the assertion. By (2.12), (2.8) and (2.11) 

we have that: 

dist(x, U) = 

_> 

> 

i i  i i i  I 

dist(x, Y + span{xn}T=l + Q± N VT,, + VO,T,, ) 
p! t t p  

44.  dist(x,  span{xn}T=l + Q~ N VT,, ) 
r l  i t t  

2d. dist(x, span{xn }aT=l); 

hence again by (2.12), since by (2.10) and (2.8) r , ~T' " l xn tn= l  is (1 + 1/2 T )-equivalent 

to the natural basis of 1T', we can conclude that dist(x, U) > dllxll. This, by (2.9) 

and (2.12), completes the proof of Lemma 2.4. 

At this point we are able to state the following analogous general property. 
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LEMMA 2.5: For every  Banach  space X there exists an integer H >_ 3 such that, 
• (2 for each posi t ive  integer  rn and  for each biorthogonal sys tem {Yn, Y~}n=1 of  X ,  

r ~ T m  r * ~ T m  X *  there exist  tXm,nJn=l in X and lXm,nJn=l in such that 

xm,~in= 1 is biorthogonal with ItXm,~ll = 1 and 
. r * I T r n  ilx. ,nll < H for  i < n < moreover = 

• ~2 m I R m  {{Um,j,n,Um,j,n.~n=l~j=l such that ,  for each x o ( #  O) of  X ,  

there exists  j(O, m) ,  with 1 < j(O, m)  < Rm,  such that 
2 m 

< rJ orj/2 
n = l  

Proof: If X has type  > 1, by L e m m a  2.4 there exists a positive integer H such 

tha t ,  for each posi t ive integer m, the s ta tement  of L e m m a  2.4 holds, where we 

can set  T = T m  = 2mRm,  hence 

m Xn , * T * T,,~ * ~'~ R Xn}n=.l -~-- {Xrn,n,Xm,n}n=l = ({Um,j ,n ,Um,j ,nIn=l}j=l ,  

where now {Rm} 1/2 = { T ~ / 2 ' ~ }  1/2 >_ 22m+1/d. Therefore  the first par t  of our 

thesis is satisfied; moreover,  for each x0 (#  0) of X and for each m, it is sufficient 

to verify tha t  there exists j (0,  m) ,  with 1 _< j(0,  m) _< R,~, such tha t  

II~oll for 1 < n < 2 m. (2.16) lu*,j(o,m),,~(Xo)l < 22----- ~- 

Indeed,  otherwise,  there would exist, for each j with 1 < j < R m , n ( O , j )  such 

tha t  I m,j,~(o,j)(Xo)] > IIXoII/22m; therefore, since {{Umd,~}2"l}R2~ is ( l + l / 2 m )  - 
1Tm equivalent  to the na tura l  basis of 2 , and since, moreover,  by the nota t ions  of 

L e m m a  2.4, {x0 - 2_~=1Xm,n(xo )xm,~  ~ U, where U = X N {N~=I xn_L}, it 

would follow tha t  

R r n  2 m R m  2 TM 

Ilxoll _> dist(EEu n,j,n(Xo)Um,j,n,U ) > d 
j = l  n = l  j = l  n = l  

R~ 2 T M  1/2 R,~ ,1 /2  

j = l  n = l  j = l  

- 2 I. 2 e r a '  m, J -- 2 I. 22m J d -I[~011" 

We now pass to the case where 11 is finitely represented in X.  For a fixed posit ive 

integer m,  we use the s t a tement  of L e m m a  2.3 for e < 1, hence, again, we have 
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that 

: Xn, * T r * 1T, n * ]9 m ]R,n 
: ~Xm,n, X m , n l n : l  ~m, j ,n~n=l~j=l  

where T = T m  : 2 M(m) : 2mRm with Rm = 2 M(m)-m. 

Again, for each zo (#  0) of X,  it is sufficient to see that there exists j(0, m) with 

1 < j(O,m) <_ R,~ such (2.16) holds: Indeed, otherwise there would exist, for 

each j with 1 <_ j <_ Rm,n(O,j) such that lu*j,n(o,j)(xo)l >> IIx011/22~, therefore 

by the statement of Lemma 2.3, since {x0 - Ln=l Xm,,AXO)Xm,,~ E U, where 
T again U = X A {Nn=l x*±}, it would follow that 

2 M(m) Rm 2 TM 

Ilx0]l > d i s t (  E x*, n(x°)x . . . .  U )  ----dist(EEUm,j,n(XO)Um,j,n,g ) 
n = l  j = l  n----1 

Rm 2 "~ R,,~ 
>-- 21+3m--M(rn) E E lU*m,J, n(xO)l >- 21+3m-M(m) E [U*,j,n(O,J) (x°)l 

j = l  n----1 j = l  

> 21+3rn-M(m). fR 1.1lxoll -_ 2 1 + 3 m - M ( m ) { 2 M ( r n ) - r n } ~  = 2IIX011. 
-- t m j  22 m 

This completes the proof of Lemma 2.5. 

Remark 2.I: From the proof of Lemma 2.5 we have that,  for each sequence 
I a l 2m l R m  t J,,wn=lJj=l of numbers and for each positive number a, if, for no j(O,m), 

2 TM ~n=l laj(o,m),nl < a~ 2m, then it follows that 

Rm 2 m T 

d i s t ( E E a j , n U m , j , n , U ) > a ,  w h e r e U = X N { A x * ~ ±  }. 
j = l  n = l  n = l  

We shall use this remark in §4, in the proof of (b) of Proposition 4.1. 

Finally, we can state the existence of an M-basis with controlled coefficients. 

PROPOSITION 2.1: Every separable Banach space X has a norming M-basis {xn} 

with {xn,x* } biorthogonal, [[xnl[ = 1 and [Ix*H < H for each n, where H is an 
integer > 3, with the following property: 

there is a partition 
* 2 m R m r * ~ V m  ~¢~ 

{Xn,  2;;} = { { {Um,j,n, U m , j , n } n : l }  j :  1 [-J ~Vm,n, Vrn,n~n:l ' fm:l  

such that, for each m and for each x0(#  0) of X, 
(2.17) 

there exists j(O, m), with 1 < j(O, m) < Rm, such that 
2 TM 

lu ,j<O,m/,n(ZO)l < [Izo[I/2 m. 
n = l  
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Proof." Let {wn} be a norming M-basis of X with {win w~*} biorthogonal.  Fix 

an integer m > 1 and assume to have already defined 
* "tSk * ~P~ i r a - - 1  

{ {Uk,n,  Uk ,n fn=  1 LJ {Vk,n, Vk ,n~n=t~k= 1 biorthogonal where, f o r  e a c h  

k w i t h  l < k < m  1,{uk,n, * ~sk r r u  u* ~2 k ~Rk -- Uk,n~n=l = "t'[ k,j,n~ k, j ,n.[n.=l~j=l;  

Iluk,nll = 1 and Ilu~,nll < H for 1 < n < Sk, 

I[vk,nlI = 1 and liVe,nil < 3 for 1 < n < rk ;  

the second par t  of (2.17) for m replaced by k is verified; 
(2.18) Sj  r ~ P j  l k  

moreover, if Xk = span{{uj,n}n=l U lvj ,nM=llj=l,  
k sj Pj 

W k = X n { N { { N u ; , ~ ± } A { N V ; , n ± } } } a n d  
j = l  n = l  n = l  

B * ( k )  = ' "  * ~ s j  - • - p j  - k  ttUy,~M=l u tvj,nM=~ij=~, we have tha t  X = Xk + Wk, 
* k dist(wj ,Xk)  < 1/2 k for 1 _< j < k and span {B*(k)} D {wj}j= 1. 

We are then going to define {u,~,~, * ~sm • ~P,~ um,~M=l tO {v,~,~, vm,~1n=l such tha t  (2.18) 

is verified also if m - 1 is replaced by m. This is an inductive procedure since 

the construct ion of the first step (that  is (2.18) for m = 1) is only an obvious 

simplified version of the construct ion of the general step. 

Note tha t  the construct ion of {u . . . .  * ~sm • Um,n~n= 1 with IlUm,nll = 1 a n d  IlUm,nll 

< H for 1 < n < Sm, such that  the second par t  of (2.17) is verified, fo l -  
. q 

lows directly from Lemma 2.5. Consequently {y~,yn}~=l of Lemma 2.5 is now 
* Sk r * ~Pk m - - 1  replaced by {{uk,~,uk,~}~= 1 U tvk,~,Vk,nt~=l}k= 1 and we proceed to define 

* ~Pm S ' 1Pit" ! Sm 
v . . . .  v~,~M=~. First there exist tvm,,~M=l in W "  = W ~ - I  n { n n = l  u,*~,n±} 

,* ~e" in x *  with = I for 1 < n < P ' ,  {Vm,n, ~,~,nJn=l a n d  ~[Vm,nZn= 1 Itv'm, ll ' '"* l-P" biorthog- 
e -  ,. s~ 

onal and X n { ~ n =  1 vm,,~±} D Xm-l+span{um,n}n=l,  such that ,  for 1 < n < m, 

dist(w~, Xm-1  + span{um,k}s21 + span{v ' ,~}P'~l)  < 1/2 m. 

If  w *  is an element of span { B* ( m -  • sm '* P" set P ~  / :~ ;  1 ) U { Y m , n } n = l U { V m , n } n = l }  w e  = 

otherwise we set P~ = P "  + 1 and (by [60], p. a9, th. 3) there exists V ' p =  • 

" { n 5  '. • ' w m :  w :  n 1 Vm,n±} with IIv:,<ll = 1 and w,~(Vm,p~ ) 7 ~ O. In this case 

we set 
m--1 S k Pk 

k = l  n = l  n = l  

Sm P~n 

- E E < # : , ° ) < , ° } / < # : , < ) .  
n = l  n = l  
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At this point, by Reference III* of the Introduction, there exist 

' ~Pm " i ~ l V ~ , p 2  ± r 1. 1Pro X *  v,~,~t~=p,,+ 1 in W m and in LV~,~ln=p~+I 
I V I* ~Pm with {Vm,n, ~,~Jn=P::+l biorthogonal and 

Pm 

Z A { ~ V~,n± } D Xm-1 + span{Um,n}nS:l ÷ span{v=,.}~P~l, 
,r 

n = P ~  + l  
t! 

such that  1 P.~ + n tlv" dl  = ' *  = IlVm,.Jl for 1 < < rm, 
I *  t !  i !  i i  

and Pro-Pro>Pro4. 

Therefore, by Reference II* of the Introduction, we pass from 

I t .  1 Pm * I'm Pm {Vm,~,v,~,~l~=l to {Vm,~,v,~,~}n=l with span {Vm,~}~=l 
! Pm * Prn ! * Pm 

= = s p a n { V m , n } n = l ,  

IlVr~,~[I = 1 and Ilv**ll < 3 for 1 < n < P~.  

Pm Setting now Xm = Xm-1 + span{Urn,n}nS=l -t- span{Vm,n}n=l,Wm = 

I r r ~ g ~  , i r , I S m  r . "Pro 
W~a n ~[I ]n----i "drn,n±~ a n d  B*(m) = B*(m - 1) U ~[Um,n.~n=l U ~ tVrn ,n ' $n : l ,  we 

obtain (2.18) for m instead of m - 1. 

Proceeding in this way we define {x~} with } - ~ = 1 X m  dense in span{wn}, 

hence in X; on the other hand span{x~} D {w~}, therefore {x~} is a norming 

M-basis of X; this completes the proof of Proposition 2.1. 

3. E x i s t e n c e  o f  t h e  u n i f o r m l y  m i n i m a l  bas i s  w i t h  quas i - f ixed  b r a c k e t s  

a n d  p e r m u t a t i o n s  

Proof of  Theorem I: Starting from the norming M-basis {x~} of Proposition 2.1 

we shall define a new sequence {y~}, with {Yn, Y*} biorthogonal, by means of the 

sequence {rm} of Reference I* of the Introduction and by means of a subsequence 

{t(m)} of {m} such that,  for each m, 

(3.1) 

f l q m + l  setting qm = rt(m), we have that  span tYntn=qm+l = 
r * l q m + l  * qra+Z 

span{xn}q~=qlm+ 1 and span "tYnln=qm+l = span{Xn}n=q.~+l, 

moreover [[ynJ[ = 1 and [[y~[[ < 3H for qm + 1 < n < qm+l. 

Setting {YmY~}~=I* qo = {x~,x~}~=l , ,  rl for m >__ 0 we proceed by induction: We 
I~, • l qm+z suppose we have defined {Ym s~=l~'*xqm and we are going to define tsn,  Y . . . .  qm+l- 
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We shall define an integer t (m  + 1) and a part i t ion 
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(3.2) 

~qm+l r lrt(m)+l r "~ r t ( m + l )  
Xnjn=qrn+l  = ~Xn~n=rt(m)+l  ~J ~Xn~n=r~(m)+a+l~ 

r e ( m ) + l - - r t ( m )  

with ~ )r~(~+~) ~Xn~n=rt(m)+l +1 U r )rt(m,~) ---- ~Xn ~n=rt (m, i_D÷l  
i=1 

(where t (m,  O) = t (m)  + 1, hence t (m  + 1) is t (m, i) 

for i = rt(m)+l - rt(m)), so that,  writing 

~qm+l [ I  . r ~  ) it(re'i) ~ rt(m)Tl-r~(m) 
XnJn=qm+]  ~ {Xqm+i ~ Li~n]n=rt(m,i_l)4-1Ji----1 

we shall define {y~, .~qm+~ Yn~n=qm+l biorthogonal such that ,  

for each i with 1 < i < rt(m)+l - rt(,,~), 
r lrt(m,i) 1 r ~rt(*~,i) ] 

span{yq,~+i U lYntn=rt(m,,_~)+l~ = span{xqm+i U lXn)n=r,(m.~_~)+ly 
* r *~rt(m;i) 

and span {Yq,~+i LY lY,~) . . . .  ~.~,,_~)+1 } 
. .¢~. ~ rt(m,i) 1. 

-~ span{Xq,~+ i U t~nJn=re(m,i_l)+lj. 

Again we shall proceed by induction: Fix an integer i with 2 < i < rt(m)+l - 

rt(~) and suppose we have already defined the biorthogonal  sequence {yqm+j, 
, l i--1 , l r t ( m , i - 1 )  

Yqm+j~j=l U {Yn,Yn~n=r,(m)+~+l SUCh that ,  for each j with 1 _< j <_ i - 1, the 

second par t  of (3.2) is verified; then we are going to define {Yqm+i,Yq~+i} U 

, ~r~(m,,) (this is a valid induction procedure because the construct ion Yn , Yn ~ n=rt(~.~_ l ) + l 
for i = 1 is only an obvious simplified version of the construct ion for the general 

i > 1). Sett ing 

(3.3) 

r 1Lm i Sm,i = 2m+6Hrt(m,i-D we select a sequence tw.~,i,s~s=i 
?'t(m,i--l)+l 

with wm,i,~ = ~ am,i,s,nXn for 1 < S < Lm,i which is 
n = r t ( m , i - l ) ~ l  

r "l r t  ( m , i - 1 ) + l  (1/Sm,i)-dense in the ball of radius Sm,i of span tX~L~=r,(m,,_l)+l. 

We can choose two positive integers, A(m,  i) and t (m,  i), as follows (we use the 

sequences of Proposi t ion 2.1): 

A(m,  i) is the first integer > 8HSam,i such tha t  there exists another integer 



86 

t ( m , i )  for wh i c h  

P. T E R E N Z I  Isr. J. Math.  

~rt(m,,:} Tm i r 1Tin i 0 
X,~t~=r~(m._,)+i+i = {Xm,i,~}~=i U lXm,i,O,~t~='i' , 

A " 2 r 1Tin ~ r r r  12f l R f  ] (m,Q+Lm,iSm, i 
w h e r e  lXm, i ,n~n=' i  = l ~ ( U f , j , h r h = l [ j = l J f = A ( m , i ) + l  , 

(3.4) wh i c h  we rewrite by means of the following partition : 

r f f u  12f(m'i~s~k)]Rf(m"'s'k)~S2m'i~Lm'i and m o r e o v e r  
"t~'( f (m , i , s , k ) , j , h fh=l  ; j = l  J k = l  J s = l  , 

144H2S3m iTm 
s u c h  t h a t  Tm,i ,  0 > [1 + r t ( m , i _ l ) + l  - r t (m , i_ l ) ) , i  , ' 

(we point out that  Tm,i is determined by Sm,i (hence by A(m, i)) and by Lm,i, 
while Tr~,i,o (hence rt(m,i) ) is determined by Sm,i and Tin,i). Set 

Lm,i $2 m,i Rf(m,i,s,k) 
Xqmd-i 

! - -  Sin, i E Uf(m' i , s ,k) ' j ' l  
Sm, i  s = l  k = l  j = l  

and '* 2 • Yqm+i = ~rn,iXqm-~i 

(hence ~* ~ . k / 2  ~. . Yqm+i(Yq,,+i) = 1 and Om,iYqm+i = kXqm+~ for 1 <_ k <_ S2m,i). More- 
over, for each fixed set of indices s , k , j ,  with 1 < s < Lm,i,1 <_ k <_ S 2 i  and 

1 < j <_ Rf(m,i,~,k), we set 

Y'f(m,i,s,k),j,1 = Uf(m,i,s,k), j ,1 ~- Wm,i ,s  and ~* Yf(m,i ,s ,k) , j ,1 

(3.6) = Ul(m,i,~,k),j,1 + kxqm+i, while for 2 < h < 2/('~'i'~'k) we  set 
! * 

Yf(m, i , s ,k )d ,h  = Uf(m,i ,s ,k) , j ,h  and yl;(m,i,s,k),j,h = Uf(m,i ,s ,k) , j ,h  

l l *  r I l ,  1Tm,i (hence, by (3.4) and (3.5), {Yqm+i'Yqm+i} U tYm,i,n, Ym,i,nL*=l is biorthogonal). 
W e  set also 

Y'm,i,O,n , , = x m , ~ , o , , ~ a n d  ~* * for l < n < T m i 0 ,  Ym,i,O,n = Xm,i,O,n 
(3.7) 

Yn = Xn for rt(m,i-1)  + 1 < n < r t (m, i -1 )+ l .  

B y  (3.3) and (3.6) ,  s e t t ing  for rt(m,i-1)  + 1 < n < rt( ,~,i-1)+~ 
2 , ~-.~L,,~,i ~"~Sm, i ~-~Rf(m,i,s,k) , ,  

(3.8) y~* = x,~ - z.~s=l Z - ~ k = l  Z . @ = l  am,i,s,nYf(m,i,s,k),j,1 , we have that  

, I* y,.~rt(m.O 
Yqm+i} U ' {Yq~+i, {Y . . . .  n=~t(,~,,_~)+l 

is biorthogonal, with 

S 2 ' l J J y '  / R l ( ~ ' ~ ' s ' k ) l  ~'~/L"~'~ U ~ ~ ~r~(~.._~)+~ 1. 
s p a n { y q m + i  U t t t  f (m,i ,s ,k) , j ,  l l j = l  I k = l  / s = l  t Y n J n = r t ( ~ , i _ ~ ) + l J  

U f f f ~  lRf(m,i,s,k)~S2m,i~Lm,i t ~rt(m,i--1)+l 1 
= s p a n { x q m + i  l't~t f ( m , i , s , k ) , j , l f j = l  J k = l  Js=l U~Xn~n=r t ( rn , i_ l )+ l~  



Vol. 104, 1998 T H E  BASIS P R O B L E M  87 

and with  

span{yq.~+ i U {{~tYf(rn,i,s,k),j,l~j=l J k = l  J s = l  

~y ~*'tr~(~'~-~)+~ } 
U "t n I n = r ~ ( m . i _ l ) + l  

, r r r  , lRf(m,~,s,k) lS2m,ilLm,~ 
=span{Xqm+i U l~Uf(rn,i,s,k),j, l l j=l  Jk=l J s = l  

U ~ X *  ~ r t ( r n ' i - 1 ) + l  ~" 
t n J n = r t  ( rn , i -  i) -~-i J" 

Using (3.4), (3.5) and Proposi t ion 2.1, we have tha t  Ily;~÷~ll < 2Tin# and 
,. 2 , , .  2 . ( 3 . 6 )  Ilyq.,~+il[ < HSm,i, t ha t  is Ilyqm+iH " Ilyq.~+i]l < 2HSm,iTm#, moreover  by 

and (3.3), for each set of indices { s , k , j } ,  with 1 < s < L m # , l  < k < S2,i  and 

1 < j < Rf(m#,~,k), we have tha t  [lYf(m,i,~,k),j,1] < 2S,~i and ]lYf*(.~#,~,k),j,a < 
' y'* 4HS3,i;  moreover,  for a fixed n 2HS2mi t ha t  is IlYf(.~,i,~,k) j,~ ' f(.~,~,~,k),j, ll < 

with rt(m,i-1) + 1  < n < rt(.~,i-1)+l,  since in (3.3) by Proposi t ion 2.1, lam#,~,~l < 

HSm,i for 1 < s < Lm#, by the first pa r t  of (3.8) and by wha t  we have just  

found above, we have tha t  IlY~II < IIx*ll + max{lam,i,~,~l : 1 _< s < L.~,i} • 

maX{llyf(m,i,s,k),j,l[l : 1 < s < Lm,i, 1 < k < S2m,i a n d  1 < j < Rf(m,i,s,k)}Tm,i < 
H + HSm,i" 2 H S 2 #  " T.~,i, t ha t  is [lytnll - [ly~ll < 4g2sa~,iTm,i • 

Therefore  by the last  relation of (3.4), by Reference II* of the In t roduc t ion  and 

by wha t  we have jus t  found above, there exists a bior thogonal  sys tem 

(3.9) 
{Yn, . ~rt(.~,~-~)+~ * * l Tmlo Yn)n=rt(,~.i_~)+l U {Yq,~+i, Yq,~+i} U {Ym,i,O,n, Ym,i,O,nJn='l' 

with 

IlYnll = 1 and Ily~ll < 3 H  for rt(m#-l) + 1 < n < rt(,~#_l)+l, 

I[yq~+dt = 1 and  ILyq~+~ll < 3 H ,  liY..#,O,nli = 1 a n d  Ily~#,o,~ll < 3 H  

for 1 < n < Tm#,O; 

moreover  with 

( 6  ] r t ( m , i _ l ) + l  ~ T , n  i 0 I 
span~iYntn=rt(m,~_l)+ 1 U Yqm+i U {Ym,i,O,ntn='{' t 

a n r r  f l r t ( m , i _ l ) + l  ! ! ~ T m  i o 
= s p  "t~tYnln=rt(,,~,i_l).t_l U Yqm+i U {Ym,i,O,ntn='l' } 

and 
S a n  r r  * l r t ( m ' i - - 1 ) + I  * , ~ T m  i O 1  
P llYnln=rt(m,i_t)+l U Yqm+i U {Ym,i,O,nIn=i' 

f (  I .  l r t ( m , i - - 1 ) + l  I* . l*  ~ T m  i 0 
= s p a n ~ Y n  N~=~,¢.~,,_~)+1 U Yqm+i U {ZYm,i,O,n~n=' ~' }. 

By the same  procedure,  by Proposi t ion  2.1, by (3.6) and by the  first pa r t  of 

(3.4), for each set of indices { s , k , j } ,  with 1 <_ s <_ Lm,i,1 <_ k < $2# and 
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_ y '  1 <_ j < Rf(m#,~,k), since f ( m , i , s , k )  > A(m , i )  > 8HSam,i and II f(m,i,s,k),j,lll" 

yl.f(mi,s,k),j,1Jl < 4HS3, i ,  we can obtain a biorthogonal system 

(3.10) 

y *  ~2 ] (m ' i ' s ' k )  
{Yf(m,i,s,k),j,h, f(m,i,s,k),j,h.h=l with JJYf(.*,i,~,k),j,hlJ = 1 

and HY*f((m,i,*,k),j,h)Jl < 3H for 1 < h < 2/(m'i'~'k), 

12 f ( m ' i ' s ' k )  ~ s ~ a n  f~  ! 12 f ( m , l , s , k )  
span{yf(m,i,s,k),j,hIh=l P lYf(m,i,s,k),j,h~h=l and 

f * "12 f ( m ' i ' s ' k )  f l* ~2 f ( m ' i ' s ' k )  
span~Yf(m,i,s,k),j,hlh- 1 = spanlYf(m,i,s,k),j,h~h=l • 

Therefore, by (3.4).. .  (3.10), we have that  the second part  of (3.2) and also the 

last properties of (3.1) are verified. Proceeding in this way up to {yq.~+~, y~+~ } U 

* $r~(~'~) for i = rt(.~)+l - rt(m) and setting qm+l = rt(rn,i) for i ---- Yn, Yn)n=rt(m,i_u+l 
rt(m)+l - rt(m), we have that  also the first parts of (3.1) and (3.2) are verified. 

Then {yn} is uniformly minimal and we are going to prove that  it is also a basis 

with quasi-fixed brackets and permutations of X. 

Let xo be an element of X with IJXo[J = 1, then {m} = {rn(k)} tO {m'(k)} 

(where one of the subsets may be finite or empty) so that,  for each k, 

• 2 Ixqm(k)+i(k)(Xo)l > 1/Sm(k),i(k ) for some i(k) 

with 1 < i(k) <_ rt(m(k))+ 1 -- rt(m(k)); 
2 [x*q~,(k)+j(Xo) I <_ 1/S~, (k) j  for 1 < j <_ rt(m,(k))+l - rt(rn,(k)). 

We shall consider separately these two subsequences: 

Case (A): Suppose that  {rn(k)} is infinite. Then, in order to simplify notations, 

we denote this subsequence by {rn} again and we have that  for each m there exists 

another integer i(m),  with 1 _< i (m) <_ rt(m)+l - rt(m), such that  

(3.11) 

• 2 [Xq.~+i(m)(Xo) [ > 1/Sm,i(m) while 

14o,+j( o)l < 1/s j for + 1 < j < - 

Being with {x,~} uniformly minimal, by the remark after (D2) of the Introduction 

there exists a subsequence {rn"} of {m} such that, for each m and for each 
p! 

m t ~ m  : 

1 
Ix*~(Xo)l < 4r~+---- ~ for n > qm,; 

(3.12) r~(m,)+l-rt(m,) r~(.~')+l 1 

Z = E 2m+2 
j = i ( m ' )  

moreover 

x*~(xolX n < -  
n = r t ( m , )  ÷ i ( m ' )  



Vol. 104, 1998 THE BASIS PROBLEM 89 

(to verify the second inequality note  that by the first part 

1 
* q 

IlXqm,+i(~,)(xo)Xq.,,+i(m,)]l < 4m+2 , 

moreover by (3.11) and (3.3) 

T ' t ( m ~ ) +  1 - - r t  (,7~t) 

j = i ( m ' ) + l  

r t ( r n l ) + l  - - f t (m I ) 

< E 1/S2m'J 
j = i ( m ' ) + l  

r t ( m l ) + l  - - r t ( m l )  

E 
j = i ( m ' ) + l  

1 1 
< 2m,+------ ~ < 2--&--~). 

1/(2m'+6Hrt(m,,j_l)) 2 

By (3.1) and (3.2) we have that  

r t (m, )Zr i (m' )  - 1  r t (m ' , i (mr ) - l )  

n = l  n=rt(m~)+~-t-1 
(3.13) 

rt(m,)  W i ( m ' ) - -  I r t (m l , i (m l ) -  t ) 

= y;(x0)y  + Z Y:( 0)Yn 
n = l  n=rt(m~)+l + l  

(e lements  with  indices n such that rt(m')+l + 1 < n < rt(m,i(m,)_l) do not  
appear in the s u m  if i (m ~) = 1). Moreover there exists another subsequence of 

T ~  Ir { m " } ,  which we call again { m ' } ,  such that  for each m,  > m + 2 and, for 
II f l r t ( m t  i(mP)_l) 

each m' > m , there exists Xo,m C spanlXntn= 1 , wi th  Ilxo - Xo,mll < 
1/2  m+4. Therefore,  by the properties of  the sequence {r.~} of Reference I* of the 

rl 

Introduct ion,  for each m and for each m ~ _> m we have that: 

r t ( m r , i ( m l ) - - l )  
. ~ \ r ~ r t ( m ' , i ( m ' ) - l ) + l  

dist Xo - E Xn(XO)Xn,Span~Xntn=~t(m, ~(m,)_l)+l) 
n = l  

_<llxo - xo,mll 
r t (ml , i (ml)-- I )  

$ f" ~ r t  (,r~' , i ( m ' )  -- 1)-~ 1 
+ d i s t  XO,m-- E xn(x°)x'~'spanixnl'~=~,(m',,(,~')-,, +1) 

n = l  
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rt(mt,i(mt)--l) 
<-][x°-x°'mll+dist( x°'m- E x:(xo)xn,span{x~}n>rt(m,i¢.~,)_,)) 

n=l 

+ *o,m - E r / ~  ' '"'° '>" .;(xo)xn 
{2 t(m''i(m',-l, (2 ~- Ern(=~ ''i(m',-l, IIX~II) } 

rt(m' ,i(m') - 1) 
<-2Nx°-X°,mll+dist( xO- E Xn(XO)Xn'Span{Xn}n>rt(m',qm',-1)) 

n-~l 
rt(mP,i(rnt)--l) rt(rat,i(mt)--l) 

+ XO'rn-- E X*n(Xo)Xn {2t(rnt'i(m')--l)( 2"4- E I]Xn[I)} 
n=l n----1 

211-o - X0,mll + XO,m -- ~rnt(_--~"q")-*) X*(XO)Xn 

{2t(ml'i(m')-l)( 2 + Er/(=~ ''I('~',-1, I1**11) } 

{1 + 21+4 + ~-~fn'(__~ ' 'q 'v ' - ' '  I]x*ll} 
<211-o - too,roll + 

{2t(m"i(m')--l)( 2 + Er/(---~ ''i(m')-l) nXnl]) } 

1 
<211.o - zo,mll + 2t(m',i(m')-l) 

1 1 
< 2--~--~- ~ + 2t(m,)+ ~ 

1 1 1 
< 2--~-45 + 2,~" +--------i < 2,~+--------7" 

Therefore, by (3.12) and (3.13), for each m and for each re' >_ m", there exists 
r ~rt(mt ,i(mt)--l)+l 

Wm, E spanlXn}n=rt(,,~, ~(,,~,)_~)+l such that  

rt(m,l +i(m')-- i rt(m',i(m')- l ) 

(3.14) 

n=l n=rt(mJ)+t +l 
rt(mt,i(m')--l) rt(m')+l 

-xo-{ E  :(xo)xo 
n=l n=rt(m,) +i(m') 

rt(ml,i(mt)--l) rt(ml)+t 

n=l n=%(m,) +i(m' ) 

1 < - -  
2m+1 • 

We  fix m and m'  _> m"; our aim is to pick out three indices k(m'),s(m') and 
j(m'), with 1 _< k(m') <_ S2m,#(m,),l <_ s(m') <_ Lm,,i(.~,) and 1 _< j(m') < 
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Rf(m,,i(m,),s(m,)k(m,)) , such that 

(3.15) 

rt(m,} +i(m')-- I rt(m',i(m')- l ) 

X O -  { E Y~(XO)Yn -~- E Y~(XO)Yn 
n-~l n=rt(m~)+l +] 

2 f ( m  I ,i(m I) ,s(mr),k(ra~))  

h = l  

} 1 
" Yf(m',i(m'),s(m'),k(m')),j(m'),h < 2---- ~"  

Then, since by (3.11) and (3.12) 

1 
* m < IXqm,+i(m,)(XO)l < 4m+2, 

,..,¢2 / 2 m + 3  there exists k(m') with 2 m+l _< k(m') < ,~'#(m')/ such that 

{ , .  1 
(3.16) k(m )lXq~,+i(m,)(xo)]- < 4m+------ ~ .  

On the other hand, using (3.14), Proposition 2.1 and (3.3), we have that 

Sm',i(m') Smt,i(m') . 
Jlwm, ll<4Hrt(m,,~(.~,)-~)- 2 m , + 4  _< 2 m + 4  , 

, ' * X 2m+41iWm, ll < therefore, by (3.16), IIWm/{k(m )Xqm,+i(m,)( 0)}ll < Sm',i(m'); 
hence, by the first part of (3.14) and by (3.3), there exists another integer s(m'), 
with 1 < s(m') < nm',i(m'), such that, by (3.16), 

(3.17) 

Liwm, - k(~n')x~m,+~(m,)(x0)w~'#/~'),s(~')]] 
! * = k(m )]xqm,+~(~,)(z0)l 

" ] l ~ m ' / { k ( ~ n ' ) x * ~ m , + , l m ,  l ( X o ) }  --  ~',,(m'/,s(~')li 
! * X k(.~ )Ix m,+,(m,/( 0)1 1 

S,~,,i(m,) S,~,,i(m,) ' 

Now we consider the fixed index f(m',  i(m'), s(m'), k(m')) and, for each j with 
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1 _< j < R/(m,.q.~,).+(.~') .k(m')),  by  (3.6) and  (3.10) we have  t h a t  

2f (m I ,i(rnl),s(?r~t),k(mt)) 

Y;(m' , i (m') ,s(m') ,k(m')) j ,h  (XO)Yf(ml, i(m') ,s(m') ,k(m')) ,J,  h 
h = l  

2f(mt,i(ml),s(ml),k(m')) 
- -  ~ l* IX \ I 
-- - -  Yf(m' , i (m') ,s(m') ,k(m')) , j ,h~ o)Yf(m' , i (m') ,s(m') ,k(m')) , j ,h  

h = l  

-~ {?2*f(rn, i(m,),s(rn,),k(m,)),j , l(XO ) + ~(?Ttl)X~m,+i(mr)(Xo) } 

• {t t f (ml, i(m,) ,s(m,) ,k(m,)) , j ,1 -~- Wm,,i(m,),s(m, ) } 
2[(m I ,i(t~tl),s(tnl),k(m/)) 

-~- ~ U;(mt, i (m') ,s(m') ,k(m')) , j ,h(XO)Uf(m' , i (m') ,s(m') ,k(m')) ,J ,  h; 
h = 2  

t he re fo re  by (2.17) and (3.4) we can  choose  an integer j(rn'), wi th  

1 _< j ( m ' )  _< Rf(m, i (m, ) , s (m, ) , k (m, ) )  , such t h a t  (since Ilxoll = ~) 

2I(m r ,i(ml),s(m'),k(,+tl)) 

* X 

h = l  

< 1/2l(m',i(m')'~(m')'k(ml)) < 1/2A(~',i( '~')) < 1/2S~',+('~') 

* z t / 2 S ~ ' " ( r ~ ' ) ) .  (in p a r t i c u l a r  lU/(m, qm,),.(,~,),k(~,)),j(.~,),~( o)l < 

Using this fact, and also (3.17), (3.3) and (3.16), we have that 

2[(ral,i(ml),s(mP),k(ml)) 

Wml -- 
h = l  

h = l  

* X Yf(m' , i (m') , s (m') ,k(m') ) , j (m') ,h(  O) 

× Yf(m' , i (m') ,s (m') ,k(m')) , j (m') ,h  

* X Uj(m,, i (m,) ,s(m,) ,k(m,)) , j (m,) ,h ( O) 

X t t f (m,, i(m,) ,s(m,) ,k(m,)) , j (m,) ,  h 

+ Ilwm, - k ( .~ ' )x ;  m, ++(~,)(Xo)~m,,+(m,>,+(~,)It 

Jr IlU*f(m,,i(m,),s(m,),k(m,)),j(m,),l (XO)Wm',i(mQ,s(m')11 

+ I[k(mt)x;m,+i(m') (XO)t t[ (m' , i (m' ) , s (m') ,k(m*)) , j (m' ) , l  l[ 
3 1 s3 1 

+ S  , , 12 .~, +(m,) < _  < 1 / 2  sm' ' ' (m')  + - -  .~ ,i(m )~ ' + 
Sm,.i(m,) 

1 
2 m + l  
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this, by (3.14), completes the proof of (3.15). Concluding case (A) we call again 

{re(k)} our subsequence: Then the preceding procedure gives the existence, for 
each k, of a permutation 

(3.18) 

{.ff{7 ~ lqm(k)+l e r ~qm(ki+l 
k }!n=q.~(k)+l  OI ~tn~n=qm(k)+l, a n  integer qo,m(k) with qm(k) ~ 1 

] 
qo,m(k) ~ qm(k)+l and a positive number ~m(k) ~ 0 with k, 

qm(k) qo,m(k) 

such that x0 - { E y*(x°)y~ + E y• } 
n = l  n=qm(k ) -I-1 

(the proof of (3.15) indicates that the two facts which determine e'm(k) are (3.14) 

and the first relation of (3.12)). 

* X Case (B): Suppose that {m'(k)} is infinite: For each klxqm,(~)+j ( o)l 

1/S~,(k),  j for 1 <_ j <_ rt(~,(k))+l - rt(m,(k)) , hence by (3.3) we have that 

< 

rt('~'(k))+lE X*(XO)Xn --~ r'c'~'(k))+lE 2 1 < rt(m,(k))+ls 2 < 2 m'(k----~l 
n~rt(m,(k))+ 1 n=rtH~j(~))+ 1 Sm'(k) ,n-rt(m~(~))  m'(k) , l  

and, by the second part of Reference I* of the Introduction, moreover by (3.1), 

setting qm = rt(m) for each m and m'(0) = qo = 0, we have that 

(20 qrn~(k+l) 00 qml(k+l) 

xo- E E x:(xo)xo- E E 
k=0 n=qm,(k)+l  k=0 n=qm,(k)-{-1 

$ 
Yn(XO)Yn, 

hence there exists, for each k, a positive number e~,(k ) such that 

qmt(k) 

* X E ! (3.19) z o -  E Yn( o)Yn < m'(k) 
n = l  

! 
with Cm,(k ) "-~ 0 with k. 

This completes the case B. 
Our aim now is to show that, for each positive integer i, 

(3.20) 

setting q ( i ) =  q2i, there exist a p e r m u t a t i o n  {7r(n)}q(__/+q~/))+ 1 o f  

{ZZ}qn~q+~i~+l , a n  integer q(O,i) with q(i) + 1 < q(O,i) <_ q(i + 1) a n d  a 

positive number e(i) -+ 0 with i, so that 

q(i) q(O,i) 

n = l  n=q(i)+l  
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oo x - ~ q ( 0 , i +  1) . 
hence, sett ing q(O, O) = O, Xo = ~i=o z--.,n=q(O,i)+ l Y,(n) (xo )y,(%. 

Suppose then tha t  {re(k)} and {m'(k)} are bo th  infinite; fix a positive integer 

i and consider q(i) = q2i. We have two possibilities: 

(a) 2i + 1 = re(k) for some k. Then  by (3.18) we have tha t  

q21+l qo,m(k) 

• o -{  E + 
n = l  n = q 2 ~ + l + l  

! 
Y*(n) (xo)y~(,~) < e,~(k ) 

(qm(k) = q2i+1) and (3.20) holds for q(0, i) = q0,m(k) 
{Tr (n)}q(_O~i)+l 1niq,,+l q(O,i) = t Jn=q2i-t-1 U {gr (n) }n=qm(k)_}_  I .  

(b) 2i + 1 = m'(k) for some k. In this case, by (3.19) we have that  

and for 

q(i) q2~+1 

n = l  n=q(i)q-1 

! . 
y* (xo)Yn < ~m'(k)' 

hence (3.20) holds for q(0, i) = qm'(k) = q2i+l and for {lr(n) i)+1 = 

{ ~q:,+l while if one of the two sequences {re(k)} or {m'(k)} is finite (or n J n=q2i..k l 

does not appear) ,  there exists a natural  number  i0 such tha t  for each i _> i0 we 

have ei ther always (a) or always (b). Therefore  setting, for each i, e(i) - ¢' if - ~ ( k )  

we are in (a) and ~(i) -- d -- m'(k) if we are in (b), (3.20) is proved; hence, replacing 

i by m and q(0, i) by q '(m),  {Yn} verifies the definition (D4) of the Introduction;  

this completes the proof of Theorem 1. 

4. E x t e n s i o n  o f  t h e  M - b a s i s  w i t h  c o n t r o l l e d  c o e f f i c i e n t s  

We begin with a proper ty  of the Banach spaces of type  > 1, which is analogous 

to the proper ty  of Lemma 2.2. 

LEMMA 4.1: Let X be a Banach space of type > 1. Then, for any subspace 

Y, X / Y  too has type > 1 and there exists an integer K such that the following 

two conditions hold: 

(a) For each finite codimensional subspace U of X and for each positive 

integer m, U =Um + Uo,,~ with Um = span{e~}~=l,  where {e~ ÷ Y}~=~ is 

(1 + 1/2m)-equivalent to the natural basis of I~ .  Moreover, there 

exists a projection Q : U / Y  --+ Um/Y  with IIQII < K,  such that Uo,m/Y = 

(g/v)  n Q.. 
(b) For each finite eodimensional subspace ]Io of Y there exists a finite codi- 

mensional subspace Xo of X and an isomorphism T : Xo/Yo ~ X o / Y  

with HT[I. lIT-111 <_ ~ ;  moreover, for each finite codimensional subspace 
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U of Xo and for each positive integer m, we have the same decomposition 
U -- Um+ Uo,,~ with the properties of (a), but where Y is replaced by Yo 
and K is replaced by ~ K (in partieular, ~ K is independent of Yo, but 
depends only on X and Y). 

Proof: X / Y  has type > 1 otherwise 11 would be finitely represented in X / Y ,  
hence in X too, by the same proof of (e) ~ (d) of Proposition 1.1. Since (a) 

follows from Reference IV* of the Introduction, we go on to prove (b): Let 
N * N F. N {Wn}n=l, {Wn}n= 1 and { n},~:l be sequences of X, X* and (X/Yo)* respectively, 

-t- Yo } n = l  in  with {wn N M_dens e the unit sphere of Y/Yo and, for each n with 1 < 

n <_ N, IlFnll = 1 = IIw~+Yoll = Fn(w,~+go) = [Iw~ll, where w*(x) = Fn(x+Yo) 
for each x of X. Setting Xo = X n { ~ N = l W n ±  }, we claim that there is an 

isomorphism T : Xo/Yo ~ Xo /Y  with IITll = 1 and ILr-~ll <_ ~ .  Indeed, for 

each x C Xo and for each y e Y, we have that IIx+y+Yoll >_ l~[Ix +Yoll (hence 
N 

Ilx + YII -> ~l lx  + Foil) because, since Xo/Yo = (X/Yo) A {Nn=l FnA} ' 

IIx + ylYoll ~ ~olly + Y011 = 9 [ [  _ { (x  + Yo) - (x + y + Yo)}ll 

>_ ~ollx + Yoll- ~ollx + y + Yoll, 

that  is ~] lx  + Y + Y0]] _> 9] l lx  + YoU. Therefore, for each x E X0, 
9 1-'-~11 x -[- Y01[ _< IIx + Yll <- [Ix + Y011. For the second part of (b), since U is also a 

finite eodimensional subspaee of X, if U =Um + Uo,m is the decomposition of (a), 

if u(¢ U) = Um(E Urn) + uo,m(E U0,m), we have that I[um + YolI -< 1911urn9 + Yll 

(since x0  D U D Urn) <_ ~-K]lum+Uo,m+Y[[ (by (a)) = -~K]lu+Yll <- 

~-Kllu + Y011; this completes the proof of Lemma 4.1. 1 

Coming back to the general case, the next Proposition 4.1 establishes the 

extension of M-bases with controlled coefficients of Proposition 2.1. The next 

remark explains the reasons for the particular form of Proposition 4.1. The 

reader is advised to read the statement of the proposition before turning to the 

following. 

Remark 4.1: In the proof of Proposition 4.1 two particular devices will appear. 

The first one is that,  in order to define {Vn}, so that property (a) of Proposition 

4.1 holds, we shall have to work, for each m, in X/Yo,m where Y0,m is a finite 

codimensional subspace of Y, while if X / Y  has type > 1, passing from X / Y  to 

X/Yo,m the constant K of condition (a) of Lemma 4.1 may change. 

V* On the other hand, K will determine the nature of { n}, hence in order to 

get {w~} uniformly minimal, we need the same K for each Y0,m. Therefore, 

instead of working in X/Yo,m, we shall work in X~,,JYo,m for a suitable finite 
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codimensional subspace X~, m of X; we shall obtain this X'o,m by means of the 

same procedure of the proof of condition (b) of Lemma 4.1, in order to have the 

same constant ~ K  for each y0,m. 

The second device concerns property (b) of the assertion of Proposition 4.1, 

that is the definition of {u,~}; in this case, for each m, we shall work in the space 

Y + Z m - 1  where Zm-1 is a finite-dimensional subspace of X; the problem is that, 

i fY  has type > 1 (hence, by Lemma 2.1, if Y + Z,,~_I has type > 1), a family C, 

of uniformly complemented subspaces of Y + Zm-1, does not preserve in general 

this property when we consider these subspaces in X. Hence, again we have to 

consider, instead of X, a suitable finite codimensional subspace X~,,,~ of X, such 

that C preserves its properties also in X ~ 0~m" 

These two devices are the reasons for the presence, for each m, of the sequence 
~Q,~.0 Vm,o,~b~=l , since its aim is to get the desired finite codimensional subspace of 

X which ensures achieving the goals of both of these two devices. The reasoning 

for (c) will appear later in Lemma 4.2. 

We shall use the following characterization (f) of [54] (p. 499), for an M-basis 

{xn} of X with {xn, x~} biorthogonah 

span{x~} is K-norrning on X (that is, 

Ilxtl <_ K .  sup{lx*(x)l : x* E span{x;} and llx*[t = 1} for each x of X) 
(4.1) 

e* {x~} is K-norming (that is, 

[[x[[ < K .  sup{dist(x,span{xn}n>_m): 1 _< m < +oo} for each x of X). 

In particular it follows that, if {x~} is 1-norming, dist(x,span{x~}~>_m) --+ [[x[[ 

with m for each x of X. 

PROPOSITION 4.1: Let Y be a subspace of a separable Banach space X.  Then 

there exist an integer g >_ 4 and a norming M-basis {Wn} of X, with {w,~, w*} 

biorthogonal, ][Wn] [ = 1 and [[w~]] < H for each n, such that 

{w~} = {u~} U {v~} where {u~} is an M-basis of Y; 

= Urn,j ,n~n:l ~ j : l  U {uO,m, n, ~O,m,nJn=l lm=l  

and{v ,v } * ,Q,oo v* = Vm,O,nJn= 1 [..)~Vrn,j,n, rn, j ,nJn=l~j=l 

¢ • ] Qo,,r, ] o o  
U ~Vo,m,n,Vo,m,nJn= 1 J m : l "  

Moreover, the following three properties hold: 

(a) For each Xo(# O) of X and for each m there exists an integer j(O,m) with 
2 m 

1 <_ j(O,m) <_ T~ such that E n = l  [V*,j(O,m),n(XO)l < [[XoI[/2m-l" 
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(b) For each m and for each xo (#  0) of X,  with v 'Q" ' °  * Z.~n=l Iv.~,o.(xo)l < Ilxoll/< 
there exists an integer j(O,m) with 1 <<_ j(O,m) <_ Rm such that 

m 
2~=1  lu*o(o,.~),n(xo)] < IIxoli/2m-1. 

(c) For each m, setting 

Yo,m 
m Rk 2 I¢ Pk 

k=l  j = l  n = l  n= l  

{ { { u < j , n  + YO,m}2L1}~21 U {uo,k,~ + Yo,rn}n~l}k~=l U {V n -~- g o , m }  is a 1- 

norming M-basis of X/Yo,~. 

Proof." 

(4.2) 
Let {Wrn} O {w~} be a norming M-basis of X, with {w~,w~} 

l /  I t *  U {w~, w~ } biorthogonal,  such that  {W~n} is an M-basis of Y. 

Assume that  we have already defined, for a fixed integer m > 1, 

(4.3) 

B ( m -  1) = B ' ( m -  1) U B " ( m -  1) 

biorthogonal  with 

B'(m 1) {{uk ,n ,  * ~R~. r * ~Pk ~m--1 
--  ~- ?.l,k,nln= 1 U ~UO,k,n~ UO,k,n~n=l ~k.=l 

and 

/~tt (?T/, __ 1) {{Vk,O,n ' * Qk,o , T£ ?3, 1Qo,t- ~ m - 1  : V k , n } n = l U { V o , k , n ,  O ,k ,n fn=l  J k = l  Vk,O,n}n=l  U { V k , n ,  

with 

m--1 Qk,o T£ Qo,k 

n{{nv oo } {nv. 
k - 1  n = l  n = l  n = l  

D Y  

and 
R~ r 1Pk l m - 1 .  

Y ~ {{1~k ,n}n= 1 U ~ U O , k , n I n = l f k =  1 , 

R' • f" U' 1"2k I R k  let us fix k with 1 < k < m -  1, then: {uk,~}n~l = ~t ~,j,njn=llj=l 
and T~ 2 k Tk . * {Vk,n}n= 1 : { ( U k , j , n } n = l } j = l ,  IlUk,nlt ~- 1 and IlUk,~ll < H for 1 _< 
n < R;,lluo,k,nll = 1 and ][u;,k,,~[I < 3 for 1 < n < Pk, llvk,o,~ll = 1 

and [IV~,o,~l[ < 4 for 1 < n < Qk,o,l[vk,~[[ = 1 and [Iv;,,~[I < H for 1 < 
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n <_ T£, Ilvo,k,~ll = 1 and IIv~,k,~l[ < 4 for 1 < n _< Qo,k; set t ing Uk = 
R' 

span{uk,n}n~ and 
Uo,k P~ = span{uo,k,n}n=l, 

Q k , o  Vk,o = span{vk,o,~}~=l , 

v T~ Vk -- span{ k,~}~=l 

Qo,k y , k 
and Vo,k = span{vo,k,~}n: l ,  = Vk + ]Io k with Yk = E j = I  (Uj -}- Uo, j )  and 

k R~ p~ 

Yo,~ = Y ~ { n {{ N U;,n,~-} ~ { N %,,~-}}}, 
j = l  n=l n = l  

k 

Zk = E ( V j , o  + Vj + Vo,j), X = Xk + Xo,k with Xk = Yk + Zk 
j = l  

and 

k R~ pj 

~o,~ = x o { R {{ O U;,n*} 0 { N'~;,. l} 
j = l  n = l  n=l  

. Q~,o T~ qo,, 

~{ N V;,o,ni} ~ { N v;,o.} o { N v;,. l}}}, 
n = l  n = l  n : l  

hence Yo,k = Y n x0,k; then dist(wj,Yk) < 1/2 k and dist(w~!,Xk + Y)  < 
1/2 k for 1 < j _< k; sett ing moreover 

B*(k) B'*(k) UB"*(k) with B'*(k) . Rj I .*  l ~  tk = = { { U j , n } n =  1 U l ~ O , j , n J n = l J j = l  

and 

then 

i l  .* 1Q~,o r * ~Tj [~ * 1Qod  k B"*(k) = t t V j ,o ,~=l  U ivj,~t~= 1 U lu0,5,~yn___l } y=l, 

r I * l k  I I Jr I I * l k  span{B*(k)} D twj tj=l ~ twj ~j=l; the properties (a) and 

I I I *  (b) are verified for k; finally there exists {Wk,n} in X*, with '"* Wk,nJ_ ~ YO,k 

'" Yo k) '"* for each n, such that ,  set t ing F~,,~(x + , = wk,~(x ) for each x of X 

and for each n, span{P£' , '}  is 1-norming on X/Yo,k, moreover such tha t  
f l i t *  a m - -  1 

span{B'*(k)  U B " * ( m -  1)} D tWk,~1~=l. 
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By (4.2) it is sufficient to prove the existence of 

{wm,~} in X* and of {urn,n, * ,R"  * ~Pm - m* Um,n~n:  1 U {UO,m,n, UO,m,n~n=l U 

. Q~,o * ~T~n rv  v* lQo.m {Vm,O,n,Ym,O,n}n= 1 U{Vm,  n U , V m , n ~ n : l  l 0,re,n, 0 , rn ,nJ 'n= l  

biorthogonal, such that  (4.3) is verified also if m - 1  is replaced by m (we point out 
that, for each m, if span{B'*(m) UB"*(c~)}(= span{B'*(m) U {v*}}) D ~w m* l 

R} PJ m 
then {{uj,~ + Y0,m}~=l U {uo,j,n + Yo,rn}n= 1 } j = l  U {V n -~- Y0,m} is a 1-norming M- 
basis of X/Yo,m): This again is the main part of a valid procedure by induction, 

since the first step (that is for m = 1) is only an obvious simplified version of 

the construction of the general step. The proof is organized in six parts, each 
of parts A, B, C, E and F dealing with definitions of the following parts of the 

system: 
{Urn,n, * lR~m (part A), r * ~P'~ (part B), Urn,n ] n = l  Jt UO,m,n UO,m,n /~n= l 

{Vm,o,n,V* lQm,0 (part C), {v . . . .  • ~:r: (part E), ?2m,n~n=l rn,O,n Jn=l 

{vo,m,n, * ,qo,,~ (part F); while part D verifies property (b). VO,m,n ~n=l 
Each part, in its turn, will be developed in several steps. 

Part A: 
- , lR~m To define ~Um,~, Um,n;n= 1 w e  follow step by step the procedure of the definition 

o f  {Urn,n, * ~Sm u ~ , , t , =  1 of Proposition 2.1, that  is we use Lemma 2.5, only here X 
• Q and {Yn, Yn}n=l of Lemma 2.5 have to be replaced by Y + Z ~ - I  and by B ( m -  1), 

respectively. In particular (Y + Zm-1) n (span{B*(m - 1)})± = Y0,m-1, that is 

Y + Z m - 1  = X ~ - I  +Yo,m--1. Then, i fY has type > 1, we can use (2.8) where V 
has to be replaced by Yo,m-1; hence H of (2.8) does not depend on m. However, 
if Y does not have type > 1, we can use Lemma 2.3. Therefore, by Remark 2.1, 

(4.4) 
R ~  2 m 

s e t t i n g  U m span{u~,n}n=l '~ R = = s p a n { { ' ~ m , j , n } n : l } j = l  

and 

R:  n:~ 

Wo,,,, : (Y + { u:,,,oi}: x,,,_, + { r l  ,,;,,o.}, 
n = l  n = ]  

2 m 
hence Y + Zm-1 = Um + Wo,m; then, for each sequence {{aj,n}n=l}R=~1 of 

numbers and for each positive number a, if there does not exist j(0,rn), 
2,,~ with 1 < j(O,m) <_ P~ ,  such that ~ n = l  laj(0,m),~[ < a~ 2~, it follows that  

dist (~R__~ 2m a E n = l  aJ,n~tm,j,n' Wo,rn) > 
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Rk 
(where W0,,~ corresponds to U of Remark 2.1). We have to check tha t  {Um,n}n=  1 

verifies proper ty  (b), but  this will be possible only later in par t  D, after the 
r /Qm,o definition of lvm,o,~ zn=l . 

Par t  B: 

Proceeding as in the proof  of Proposi t ion 2.1, we proceed to define s / ~P', [ ~l'O,m,n J n= l 
and ~ '* ~P" , , ~p" . ~n"  U lUO,m,nin=l such tha t  Y D tUo . . . .  i n= l  and B ( m  - 1) U {u . . . .  Um,nln= 1 

! 
I u'  o,'* tPL is biorthogonal,  with I]u0,.~,~]l = 1 for 1 < n < P ~  and O,m,n,~O,m,nJn=l  -- _ 

t p 

" ' 1/2 m for 1 < k < m. We + span{ {um, . }~= ,  U {uo,m,~}~=,} ) < dlst(wk, Ym-1 Rm , P(~ 

have to consider w m'* and we point out tha t  ( B * ( m - 1 ) ) l y  = ( B ' * ( m -  1))N U{0 }. 

Suppose that ,  sett ing 

(4.5) 

B"I*(?T~) = B * ( m -  1) U t U m , n J n = l  U t O,m,nln=l  

and 

B'"*(m)l  ,. = ( B * ( m  - 1)) i t  U {U*,nlr }Rn'~l U {UO,rn,nly } n = l  , 

I *  then w.~ ~ span{B'"*(m)}  but  w.qy'* E span{B ' "* (m) i r } ,  tha t  is there 

"'* s p a n { B ' *  (m) tha t  w'* '"* exists w m E } such -~lY = Wmh., 

w m )± D Y; then we set P ~  = P ~  and we leave aside hence ( w ~ -  '"* 

,. . i . .  /,. and we shall use the w.~ - w.~ , we shall consider it later together with wm 

same procedure for bo th  of them. While, if Wmr Y ~ span{B ' "* (m)N} ,  we set, 
f f *  X *  ' *  P ~  = P ~  + 1 and we define u0,m,p~ • Y and Uo,.~,p;; c: from win, by means 

, I *  of the same procedure of Proposi t ion 2.1 for the definition of Vm,p~ and Vm,e£. 

1. span{B"'* again set P ~  = P~.  We then pass, from Finally, if w m E (m)}, we 
1 I* " I B M  * "~Pm P m  u0 . . . . .  u0 . . . .  Jn=l to {u0 . . . . .  UO,m,nI,~=a wiih Y D {U0 . . . .  }n=l, by means of 

t t  

the same procedure we used in Proposi t ion 2.1 to pass f r o m  {Vm,n,I Vm,n~n=lt, 1P~£ to 

v=,n}n% 
Par t  C: 

We are now going to define {Vm,0,n, * .Vm,o Vm,o,~n=l and we shall do tha t  in the 

following five steps. 

(C1) In the first step we describe both  our s tar t ing point and our aim (we use 

(4.3)). Set 

(4.6) B ' ( m )  U ' ( m  1) U{um, .  * n:~ . p,. = -- , ~ m , n } n = l  U{?~O,rn,n,UO,m,n}n=l and B '* (m)  = 

B ' * ( m  1) * R~ . . . .  Pm ,, { RL , } -- : R n = l  Um,n± U {Um,n}n= 1 U tUO,m,n~n=l, Xo, m Xo,m-1 CI CI 
{ R P n : l U ; , m , n ± } a n d Y o , m  = Yo,m-ll'-]{ n~ '1%,~z}n{  RP_~I u~} . . . .  ± }  = 

= span{uo,,,~,,~}n=l and Ym = Y m - , +  Y o , m - 1 A X o , m ,  sett ing moreover Uo,m Pm 
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l! Urn + Uo,m, we have that Ym + Yo .... = Y and X = Zm-1 + Ym + Xo,m = 
U,,~ + X~',m + Wo,m, since Wo,m = Xm-1 + Uo,m + Yo,.~ 

(by (4.4)). Since we have to satisfy the two devices of Remark 4.1, our aim is to 
FV V* lQm,o define a biorthogonal system l m,O,~, .~,O,n~n=l with the following properties: 

* Qm ,o (4.7) B' (m)  tO B " ( m  - 1) U {v,.,O,n,Vm,o,,~}n=l is biorthogonal with 
{ nQm,o } • 

X n I I n = l  G,O,ni r;llVm,o,mll = 1 and IlVm,0, ll < 4 for 1 _< 

n < Qm,o; setting moreover X' " { n Qm° * } and Vmo - -  o , m  : X o , r n  n n : i  Vm,O,n± , : 

Qrn,o tl t span{v.~,O,n}n=l (hence Xo, m = V.~,o + Xo, m and, by (4.6), X = U m  + 
Vm,o + X~,.~ + Wo,m), for each u E Um we have that dist(u, X~, m + Wo,m) > 

_ _  t X ; , m / y  9 dist(u, W0,m); finally there is an isomorphism T : Xo,m/Yo,m --+ 10 
with IITll" II T-1II < !~. 

The next steps occur in the space X/Yo,m. 
(C2) The second step regards the second device of Remark 4.1; therefore, keep- 

ing our mind on (4.4), our aim is to obtain the middle property of (4.7). Going 

a moment to the space X/Wo,m (where, by last relation of (4.6), Wo,m D Yo,,~), 
Lm . Lm X* Lm we find three sequences {Wo,m,n},~=l of Urn, {w o . . . .  }~=~ of and {Fo,m,,~}n=l 

l~/" 1Lm ~-dense in the unit sphere of of (X/Wo,m)*, such that {Wo,m,n + "~O,mS~=l is 

Um/WO,~ and, for each n with 1 < n < Lm, 

Ilwo,,~,n + Wo,mll = fo,m,n(Wo,m,n + Wo,m) = IIF0,m,n]l ---- [Iw; . . . .  II = 1, 

where W;,m,,~(X ) = Fo,m,n(x + Wo,m) for each x E X. Then 
(4.8) 

L~ 

dist (u,X~',m N { n w ~  . . . .  ±} +W0,~)>_ 9 dist(u, Wo,~) f o r e a c h u E U ~  
n ~ l  

(since 
Lra 

d i s t ( u ,  X;I,m n { n W~,m, n±} + Wo,m) 
n = l  

Lm 

= dist(u + Wo,m, (x;'m n { N 
n= l  

L.~ 

= dist(u + Wo,m, (Xa',~/Wo,m) O { n J~o,m,n±}) 
n = l  

>_ 011u + Wo,mll). 
So we have now defined the subspace X "  rf~Lm . ~ X "  which 0,m n t l  In=l Wo,m,n±l of 0,m, 
satisfies the middle property of (4.7); but we need to obtain this subspace by 
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QI 
I I *  m,0 means of a biorthogonal  system {Vm,o,n, Vm,0,~}n=t " Then  our aim is to define 

" {Vm,o,n}~= 1 in such tha t  tVm,O,n}~= i in Xo, m and , . . . .  o X* 

(4.9) 

, p '  
B ' ( m )  U B " ( m  - 1) U {Vm,O,.~ , '* .+,o Vm,o,n}n= 1 is biorothogonal  with 

Q, 
rrt,O 

{N'*  } IIv'~,o,,, X N Vm,o,nw D Y and + Yo,.+ll = 1 for 1 < n < Qm,O; 
n = l  

Q, 
m,O 

moreover such tha t  (Xff, m N { n v~,o, ~±}) = 
n = l  

L m 

(X~',m n { n W;,m, '+± } ) ;  hence by (4.8), for each u E Urn, 
n = l  

Q ' o  
d i s t ( u , X ~ ' , , + n {  n V:,O,nJ-} -~-WO'm) ~ 9 dist(u'W°'m)" 

n = l  

Q/ 
Coming back to X/Yo,m,  we select three sequences {Vm,O,n}n= 1 '  m,O in X"o,~, 

p '  Q' 
I *  ra,O X *  l rl~,O {Vm,o,n}n= 1 in and {F',o,~}~=~ in (X/Yo,m)*, such tha t  Ilv',o,n+Yo,mll = 1 

'* = ' Yo,m) for each x of X and for each n with and Vm,O,n(X ) F~,o,n(x + 

1 _< n -< Q'm,o, moreover such tha t  {Vm,o, ~ '  + Yo,,~, F'm,o,~j~=l~Q'm'° is bior thogonal  

with (X/Yo,m) N { n ~ i  ° Ftm,o,.~±} D ( Z ~ - I  + Ym)/Yo,,~ (hence with 
Q' 

X n {n ,~ : i  ° vZ,o,,+±} D Zm_l + Ym + Yo,m = z .+_l  + Y, therefore the first 

par t  of (4.9) is verified); moreover such tha t  

Lrn 
I I  I Qt I I  * 

Xo,m/YO, m = span{Vm,o, n + YO,m}n_~i ° + (Xo, m n { f l  Wo,m,o±})/Yo,m, 
n = l  

, ,  , ,  , ,  , 
with (Xo, m N ~)rn,O,nJ_})/Yo,m(= (Xo,m/Yo,m) N u ,n=l Fm,o,n±}) --= 

Q' 
[X,t n INLm * . ,I m,O ,* 0,m U 'n=t WO,m,,~k})/YO,m' this last fact implies tha t  XO,mN{Nn= 1 Vm,o,~± } 

l l  Q I  
Xo,m n { N ~ 2 1  * " , = Wo,m,n± } s i n c e  Xo, m D Y0m,{nnZi°VZ,o,n±} D Yo,m a n d  

Lrn . { n n = l  Wo,m,nW} D Wo,m D Yo,r~; this completes the proof  of (4.9). 

(Ca) The  third step regards the first device of Remark  4.1. Precisely, our 

aim is to  obtain the last p roper ty  of (4.7): If there already exists an isomor- 
, Q, 

I I  I:~ I I  I *  phism T :  (Xo,,~ n {N~;21 ° Vm,o,~±})/Yo,~ -+ (Xo,m n { N . ' : i  ° Vm,O,nW})/Y with 

IITll IIT<II < ~, we set " ' X ' "  = Z "  Q" '* " --  Qm,o = Q,~,o and O,m 0,-+ N {N~2i  ° v.+,o,ul}- 
Otherwise,  following the proof  of (b) of Lemma 4.1 (where now Yo and X are 
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replaced by Yo ,~ and by X H n f n q ~ ' °  '* , 0,,~ u ,~=1 vm,0,nx} respectively) and by means  of 
• , .QZ,,o the procedure  of the  first step, we obtain  two further sequences ~Vm,o,,Jn=Q,,o+l 

, .  1Q'.'~,o in  X *  in X and tVm,o,~L~=QL,o+l such tha t  

(4.10) 

B ' ( m )  U B " ( m  - 1) O tVm,o,n, Vm,O,n.~n=l is again bior thogonal  

with llVm,o,,~' + Yo,mll = 1 for Q.~,0' + 1 < n <: Qm,0" and 

r'l '* } Vm,O,nX D Y; moreover  such that ,  set t ing 
_ _  t 1 n - Q m , o +  

Q",o 
' "  " ~ N '* ~ there is an i somorphism 

% 

X o , r n  : Z o ,  m I~ V m , o , n ±  , 

n = l  

T :  (X[~:'.~/Yo,,,~) ~ (X~' , '~/Y) with IITII- lIT -~ II < ~ -  

The  a im of the last two steps is to obta in  the propert ies  of (4.7), regarding 

[Iv.~,o,nII and I[v*,o,.ll for 1 < n < Qm,o. 

(Ca) In the four th  s tep we continue to work in the space X/Yo ,m  and, by means  

of the preceding procedure  and by Reference III* of the In t roduct ion,  there  exist 
v lQm,o fv'* lQ,-,o X* rn,O,nJn=Q~,o+ 1 in X and t m,o,nJn=Q~,o+l in such tha t  B ' ( m ) U B " ( m - 1 ) U  

t ~. ~Q.~,o 1('~ Q~,° v I* "t v.~,o,~,v.~,o,,~t~= 1 is biorthogonM again With X 7) u 4n=QT~,o+l ~,o,,,J_~ D Y;  
V t = Q r n , O  + _ n _ moreover  now II ~,o,~ + Yo, l[ = l iv~ ,o ,n l l  1 for " 1 < < Qm,O and 

t! * ~ H Qm,o _> Qm,o(1 + 4max{ll~m'°'~ll l<n_Qm,o}). Then,  by means  of Reference 21" of 
f , ,  , , ,  1Qm,o  the In t roduct ion ,  we pass to £Vm,o,~, Vm,o,~j-~= 1 with 

(4.11) 

It v 1Q,~,o  t v 1Q,,*,o 
span{Vm,o, n + 10,myn=l = span{Vm,o,n + ~ O,mYn=l , 

It* Qm,0 ,* Qm,o 
span{Vm,o,n}n= 1 ---- span{Vm,O,n}n: 1 , 

It If* 
= ll~m,o,nll < n IIvm,o,. + Yo,mll 1 and 3 for 1 < < Qm,o 

" v"* ~Qm,o continues to be  b ior thogonal  (hence B ' ( m )  U B " ( m  - 1) U {Vm,o,n, m,0,nJn=l 

wi th  X N INQm,o ,,* y ) .  kl I n = l  V m , O , n 2 _ }  [~) 

(C5) In the  last s tep we pass from X/Yo ,m  to X and it is sufficient to choose, 
I' If' _ '"  in Yo,m such tha t  [[Vm,o, n + Vm,o,~H < for each n wi th  1 < n < Qm,O,Vm,O, n 

I' "' II "' * 4/3;  se t t ing then  vm,o,,~ = (v,~,o,n + Vm,o,,~)/Hvm,o,n + Vm,o,nll and Vm,O,,~ = 
II* vl! III Vm,o,~ m,o,n +v.~ ,o , ,~[ [ ,  s i n c e  (span(B'*(m) nB"*(m- 1)})± ~nQ~,o - .  ' ' t l  I n = l  V m , O , n 3 _ }  ~ 

¢ I,I "tQTn,o Yo,m D tVm,O,,j,~=l , by (4.9), (4.10) and (4.11) we obta in  tha t  all the proper t ies  

of (4.7) are verified. 
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Part  D: 
R" 

We are now ready to verify the property (b) for {Um,,~}n=l: For each x0, (5  0) 

of X, such that the hypothesis of (b) is verified, since by (4.7) X =Um + Vm,o + 
X~,~ + Wo,m, by the last but one property of (4.7) we have that 

R:~ Q,,,,o 
[Ix01] > dist E u;~,~(Xo)Um,n + E v*,°,n(x°)v'~,°,n'X;, m + Wo,m) 

j = l  n = l  

R ' ~  Q,, , . ,o 

>_ dist ( , , X;,,~ - 

j - - 1  n = l  

R', Qm.o 

>_ a,st ( E  + - E j :,o,o(xo)l 
j = l  n = l  

Rk 

> dist (Eu~,n(Xo)Um,n,X~,m + Wo,m) -I]xoU/4, 
j = l  

that is 

R" 

llxoll > 4d is t  ( EU*~(XO)Um,.,X~,m + Wo,m) 
j = l  

R '  

(± ) > g ~  dist :Um,n(XO)Um,n,Wo,m 
j = l  

R" 
1 

> ~ dist (EU*,n(X0)Um,n,  Wo,m). 
j = l  

2 m * X We claim that  there exists j(0, m) such that Y~,~=t lu,~,j(o,m),~( o)1 < I lxoll /2 m - 1  

= 211xo11/2~; indeed, if this were not so, by what we have just found, by (4.4) for 
i l a .  12 T M  l R m  , 2 m R m  a = 2llx01] and for t t  3,n,r~=lJj=l = {{Um,j,n(XO)}n=l}j=l' it would follow that  

R ! 

[[Xoll > ~ dist u*n(Xo)Um,n, Wo,m > 211XoI[ = [[Xo[I. 
j = l  

Part E: 

Going on to define {Vm,n,Vm,nIn= 1, we are in a situation analogous to the 
- , 1R~n situation of the definition of ~Um,n, Um,nln=l. Hence we follow again the pro- 

cedure of the proof of Proposition 2.1, that is we use Lemma 2.5; only now 
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X, span(y~}~_l and X n ( N n Q _ I  Y~±} of Lemma 2.5 are replaced by X/Yo,m, 
(zm_~ + Y~ + Vm,o)/gO,m and X;,fYo,m, respectively. 

In particular, if X / Y  has type > 1, by the last part  of (4.7), we can use (b) 

of Lemma 4.1 where (in order to use a formula analogous to (2.8), see also the 

s ta tement  of Lemma 2.4) we can replace ~ K  by means of ( ] H ) / 8  and we can 
3 suppose ~ H  >_ 3; in particular this number H does not depend on m. Then we 

proceed in two steps: 
r I 1 T,~r, (El) In the first step we are in X/Yo,m and we can define "{'Om,n.~n=l in 

X '  Iv'* : %  in X* and IF, ~% in (X/Yo,,~)*, with the following proper- O,m~ 1. m ,nJn - - -1  I. m , n J n = l  
v t  Tim r I I T ~  f l y  I 12 TM IT,,~ 

ties: { m,n +Yo,m, Fm,,~}n=1 is biorthogonal with IVm,n~n=1 = t t  ,~,j,~sn=:rj=1 
and, for each n with I _< n _< ~ i, T~,~, v m,,, (z) = Fm,n (x + Yo,m) for each x of 

V I x ,  11 ~,~ + Y0,mJl = 1 and 

% 

n ~ l  

(hence X n { N f ' l  v2 ,n . }  ~ zm-1 + Vm,o + r);  for each Xo(:fi 0) of X, there 
2 m 

exists j(O,m) with 1 _< j(O,m) <_ Tm such that  ~ n = l  IFm,J(m,O,n)( xo + Yo,.~)l 

(< IlXo + Yo,m[I/2 m if Xo ¢ Yo,-~ and otherwise = 0) < IlXo[I/2 "~. 

(E2) In the second step we pass to the space X and it is sufficient to choose, for 

each n with 1 < n < 7 '  m, (see the preceding procedure for fv I' tQm,o't~ , I. m , 0 , k J k = l  jy'Vm,n 
in v'~, n +YO,m such that  Jlv~,nU < (4/3)llv~n,~ + Yo,mU = 4/3; then we set Vm,n = 

I I * I *  I . vm,,Jll~m,nH and Vm,n = Vm,nllVm,,,il, therefore, by what we have specified above, 

llVm,n[l = 1 and l l % n l l  < H (with H > 4) for I < n < 7 " ;  B ' ( . ~ )  U S " ( . ~  - I )  U 
{vm,o,~, v* :Q,~,o - . ,T" T',, . m,0,~J~=l U {Vm,n, Vm,nrn=l is biorthogonal with X n { ~ = 1  Vm,n±} D 
Y; moreover (a) is verified since, for each xo(~ 0) of X, there exists j(0,  m) with 

1 < j(0,  m) < T m  such that  

2 m 2 m 

Iv~,j(~,o),n(~o)l = ~ II~',j(~,o/,. II Iv~j(m,O),~(~O)l 
n ~ l  n = l  

2 T M  2 m 

4 4 II~otl 
< 5 y~ IV:'J(m'O)'n(Xo)[ = 5 ~ IFm'y(m'°)"~(x° + YO,m)l < 2m_------]" 

n = l  n = l  

Part  F: 

Finally we go on to define {v0 . . . . .  v* ~Qo,m and Iw ''/* 1 again proceeding O , m , n J n = l  t r n , n ~  

in four steps: 
T;, 

(F:)  The first step is in X/Yo,m and, setting span{vm,~}n=~ = Vm, the pro- 
Q, Q' 

cedure indicated above gives {v0,,~,~}~=:' o,~ in X and {v0,m,~}~= : ~ *  o,~ in X* with 
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IIV~m,~+YO,mll = I for 1 < n < Q'O,m,B'(m) UB"(rn-1)U{Vm,o,.~,v* 1Q..,o~ , , m , O , n J n = l  

" * lTm Vt  t* t Vrn,n, Vm,nln=l U { 0,m,n,V0,m,n'n=.'* ~Q'o,y biorthogonal, X N { N J 7  Vo . . . .  ±} D y 
and  

, Q' 
dist(w~' + Yo,m, (Zm-~ + ym + Vm,o + Vm)/YO,m + span{vo,m,~ + Yo,m}n°-'~) = 

Q' 
• . , , o,~ 1/2 m for l < k < m .  d ls t (wk,  Zm-1 + Vm o + Vm + span{vo,m,n}n=a + Y)  < 

(F2) T h e  second s tep  is in X and let I F ' "  ~, be a sequence of (X/Yo,m)* such L m , n J  

t h a t  span{F~' ,n  } is 1-norming on X/Yo,m; se t t ing w ~ * ( x )  = / ;~" ,n (x  + Y0,m) for 

each x of X and  for each n, we have t ha t  '"* win,n± D Yo,m for each n. Work ing  in 

X ,  the  same p rocedure  of P ropos i t ion  2.1, for the  defini t ion of {V'm,p~, V~,p~ }, 
Q,, Q" 

defines ' o,.. Sv'* ~ o .... . , _ . _ {V0,m,~}n=O;,m+l in X and t O,m,nJ~=q;,m+l in X*, wi th  Qo,m < Qo,m < 

' f v  V* /Q~n,o Qo,m + 2m + 1, such tha t  B'(rn) U B " ( m  - 1) U ~ m,0 . . . . .  O,nlr~=l 

" * 1T" ' is b ior thogonal ,  w i th  

I N Q°"'~ '* V '  ' X n u ,n=Q'o,m+l v0,~,n±} D Y and with  II o,m,~ + Y0,-~ll = 1 for QO,m + 1 < n < 
t 

, ,  . Qo,m, moreover  so t ha t  span{ {B'* (m) U B"* (m - 1)U t Iv*m,o,~l~=llqm'° U t Vm,nIn= 1 ~  . ~T;. U 
Q" 

, .  c ,,'n t , .  t .  , , ,* m rn {Vo,m,~}~= 1 }} D {win (U(wm - w i n  ) if in the  case of (4.5)) }U{{w'j ,~}n=l}j=l.  

In order  to verify the  last  re la t ion of (4.3), for m ins tead  of m - 1, it  is suf- 

ficient to  check tha t ,  for each fixed k wi th  1 < k < m - 1 and  for each n wi th  

1 <_ n _< m, wk, ~'''* E span{{B '* (k)  U B"*(m - 1) U ~Vm,o,~n= 1 U tvm,n~n=l  U 
QH 

I V , .  ]. o,m t o . . . .  J~=l  }} (since till  now we only know tha t  this  formula  holds if B'*(k) 

is r ep laced  by B'*(m)).  For this,  se t t ing  Wk, n't'* = Wl,k, n ' '*  + W2,k, n ' ' '*  wi th  wl,k, ~" '* E 
p QI! 

r . ~Q.~,o  , T.~ , .  o.m 
span{{B '* (k )  U B"*(m - 1) U ~ k V m , O , n t n = l  U {~;rn,n}n=l U {V o . . . .  }n-=l }} and  

wi th  '"* n '  I * ]PJ ] m  w2,k, n E span{{u~,n}~'_- 1 U i ' [ t O , j , n J n = l J j = k + l ,  it  is sufficient to check t h a t  

'"* 0: Indeed  '"* = {wk,n} and D Yo k w2,k, ~ wk,n± D Yo,k by the  defini t ion of '"* "'* W l , k , n ±  

too  by the  def ini t ion of Wl,k,~,'"* hence we have t ha t  W2,k,n± D Yo,k D {{u:,n}n=l U 

" t t O , j , n ~ n = l ~ j = k + l ,  which implies  tha t  w2,k, ~ ' ' '*  = 0. 

(F3) In the  th i rd  s tep  we come back to the  space X/YO,m and,  

by References  III* and II* of the  In t roduc t ion ,  we can pass,  f rom 
, Qll 

, ,  o,m r , , ,  "I Qo ,m  at first to i o,m,n,Vo . . . .  in-- ,  with U B " ( m  - 1)U 

{ V m , O , n ,  V* "[Qm.o * l 'Y '~ " v '  , .  ~ Q o , m  m , 0 , n J n = l  U { V r n , n ,  U vm,nt~= 1 ~ O,m,n,VO,m,nb~=l bior thogona l  and  

inQo,m ,. v '  '* wi th  X n t,  In-Q" +1Vo,m,n±} D Y,  such t ha t  II o,m,n + Yo,mll = 1 = IIVO,m,nll 
- -  O,rn 

for Q~,m + 1 < n < Qo,m and  Qo,m - Q~,m >_ .~o,.~n" 4m~{ll~*,r~,~II:~-<'~-<Q;',-~}; t hen  

. ,, ,,. ~Oo,m v IPo,,- = s p a n { v ~ m n  + we pass  to  ~Vo,~,~,Vo,m,~1n= ~ with  span{v~',m,~ + ~0,mI~=l , , 
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t t .  Q o , m  S a n r v  t *  -~ Q o , m  I4'O,mj',~=l~Q°'m and span{v o . . . .  }n=l = P 1 o . . . .  )n=l , such that,  for each n with 

1 < n < Qo,n, IIVO,m,n" + YO,mll = 1 and IlVo,m,nll"* < 3. 
(F4) In the last step we pass to the space X choosing " in v" V O , m , n  O,m,n + Yo,m 

I I  I I  V* such that  v" 4/3 and setting vo,m,n = O,mmll < = Vo,m,~/HVo . . . .  II and o . . . .  
V~t,*,,~llV~O~,m,nll for 1 _< n _< Q0,,~. This completes the proof of Proposition 4.1. 

II 

The next lemma concerns a property of the norming M-bases of the preceding 

kind and it provides the third and last device necessary for the proof of Theorem 

II. Moreover, the reason for part  (c) of Proposition 4.1 becomes clear. Practically, 

this lemma improves the properties of the sequence (rm} of Reference I* of the 

Introduction. 

LEMMA 4.2: Let {xn} = {x~n} U {x~} be an M-basis of X ,  with { x , , x *  } = 
' l  ' l *  {X'n, x~ } U {Xn, x n } biorthogonal, IIx ll -- 1 and IIx~ll < H for each n; moreover 

{x~n} is an M-basis of a subspace Y of X and there exists a subsequence {/m} 
t t 

rrn ,* r m  of {m} such that, for each m, setting Yo,m = V n {["1,~=1 xn±}, {x" + Yo,m}n= 1 U 

{xX + Yo,m} is a 1-norming M-basis of X/Yo,m. 

Then there exists a subsequence (rm} Of~m} such that: I f  xo is an element of 

X such that there exists an increasing sequence {t(m)} of positive integers, with 
E r t ( m ) + l  t '* n=rt(m)+ 1 IXn (Xo)I --+ 0 with m, it follows that  

r t ( m )  

- -  l *  ' " * I X  \ " I  a n r x  , l r t ( r n ) + l  "~ dist(xo ~ [ x , ~ ( x o ) x n + x n  ~ oJx,d,sp i nh~=,-,(~)+~/--~O wi th in  
n = l  

(that is, for each m, the elements x~ for rt(m) + 1 < n < rt(m)+l a r e  not necessary 

for this approximation). 

Proof: We begin by claiming that  there exists an increasing sequence {p(m)} of 

positive integers such that,  
$ 

for each m and for each x of span {x~, xn}~= 1 " rm , 

(4.12) I dist(x, s pan{{xk} ,o r -  O {x~},>~-+p(m)}) 
r t 

" x n x '  "~+P(~) (i / m g ) } .  - d l s t (  , spa  { n}n=r'+l)J <-JJxJJ/{ 2"~+1 + 

t 

Xn}n= 1 and set Indeed fix m , x  of the unit sphere of span{x~, " rm 

a = 1/{2m+1(1 + / m H ) } ;  

J 

since ' rm " {x~+Yo,m}~=lU{Xn+Yo,m} is 1-norming, by (4.1) there is an integer p(m) = 

p(m, x) such tha t  ] dist(x+Yo,m, span{x" +Yo,m}~>r' +p(m))-  II~+Yo,~III < a/2, 
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tha t  is I dist(x,  span{X~}n>r'm+p(m) 4-YO,m) -- dist(x, Y0,m)I) < a/2; moreover,  we 

can also choose p(m) such tha t  

I dist(x, Yo,m) - dist(x, spanrx't  ,~ L~=r~,+l~r;~+P(m))] < a/2; 

hence we conclude tha t  

dist(x,  span{{x~}r~>r,  U {X~}n>%+p(m)}) 

< dist(x, n~x ' ~:"+P('~) spa  l n l ~ = < + l  ) 

< dist(x, Yo,m) + a/2 

< dist(x, span{x~}~>%+p(m) + Y0,-~) + a 
• I I I  

= dlst(x, span{{Xn}n>~- U {Xn}n>~--+p(m)} ) + a; 

y 
I I I  r m  since span{x , ,xn}n= 1 has finite dimension, it is possible to choose p(m) 

independent  of x, which completes  the proof  of (4.12). By (4.12), set t ing 

rl = r~, r2 = r'l+p(]), r3 = ril+p(1))+pO+p(1) ) and so on, we have tha t  

for each m and for  each x of span {x~, Xn}n=l,'l ~., 

• i Xll (4.13) I dlst(x, span{{X~}n>rm U { n}n>r,~+l }) 
• I T ' r r L +  1 --dlst(x,span{Xn}n=r,,+l) I < Ilxll/{2m+~(14- r m H ) } .  

If xo C X,  such tha t  the hypothesis  of the l emma is verified, we can assume 

that  L.~n=rt(m)+lK-~rt(ra)+l IXn#* (Xo)J < 1/2 m for each m; now it is sufficient to prove tha t  

there exists ano ther  increasing sequence {s(m)} of positive integers such tha t ,  for 

each m,  
r t (s(m))  

n = l  

r , ~rt(~(.~))+~ Then  we set with Vm E span'tXn~n=rt(~(m))+l. 

f i  Xn (Xo)Xn, 
r t ( rn )+l  

Xo = x '  + x"  with x"  = E "* " 

(4.14) m=] ~=~,(~)+1 

hence "* ' x n ( x )  = 0 for rt(m) 4- 1 < n < rt(m)+l for each m. 

There  exists then  a subsequence {s(m)} of {m} such that ,  for each m, 

(i) there  exists x '  in s p a n { x ~ , x ~ [ } : ~  ")) with [Ix' - X'o.ml I < 1/2m+3; 0 , m  

(ii) 2 ~(m) > m a x { l ,  IIx'll}2m+4; 

(iii) IIxI '-A2II < 1/2 m+l wi thA2 = ~(__1 )-1 x--'~(k)+~ "* '  ~ " 2.~=~(k)+] Xn tXoJXn (by (4.14)). 
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By (4.14) it also follows, for each m, that, setting 

(4.15) 

A 1 

rt(s(m)) 

r t~ l  
?'t(s(,n) ) rt(s(m) )+ l 

= ~ x~.(~,)~. + ~ ~..(x,)x~ 
n=:l n = l  

rt(s(m)) rt(1) s (m)- - I  rt(k+l) 

= E E E x:.(x,)< 
n = l  n----1 k = l  n=r t ( k )+ l+ l  

rt(s(m) ) rt(D s (m) - - i  rt(k+l) 

: E E E 
n = l  n = l  k = l  n = r t ( k ) + l + l  

we have that  

rt(8(m)) 

E [x~(xo)x~ + x~*(xo)x~] = Ai + A2; 

dist(x' - ml, span{{xln}n>rt(~(,~)) U {X:}n>rt(~(m))+l }) = 0 

(the first relation follows from the definition of A2 and from the last equality 

in the definition of A1; the second relation follows from the first equality in the 

definition of A~ and from the fact that IIx~ll < H for each n; the third relation 

follows from the second equality in the definition of A1). We claim that 

(4.16) dist(x~m A f , lr~(8(m))+l ~ 1 , - -  ~ l , s p a n l X n l n = r e ( ~ ( m ) ) + l ) )  < 2m+----" ~ .  

I ' ,,tr,(s(m)) hence, by (4.13) (when x is replaced by Indeed, x' - A1 E spantx,~, xnjn= 1 , 0,m 

x' A1 and m is replaced by t (s(m))) ,  0,m - -  

• , . f  , l r ~ ( ~ ( m ) ) + l  ~ 
dmt(xo,m - A1, spanLx,~n=~t(~(~))+l H 

< {dist(x~,m - A1, span{{x~}~>~,(~(m)) U {x~}~>~(~(m))+ , })} 

+{lix~,m - A,  ll/[2t(~(m))+l(1 + rt(~(m))H)]} 

_ t , i x l t ~  < {I]XO,m - x' H + dist(x' - A1, span{Ix~}n>rt(,(m)) U t njn>r,(~(.~))+, })} 

+{ IIX'o,,~ - x'H/[2 t(~(m))+l (1 + rt(~(m))g)] + IIx' - A111/[2 t(~(m))+l (1 + rt(~(m))H)] } 

< {llX~,m -- x'll}(by the third relation of (4.15)) 

+{llx~,,~ - x'll/2 t(~(m)) + IIx'H/2*(~(m))}(by the second relation of (4.15)) 

1 1 1 1 
< (by (i) and (ii), since t (s(m))  > s(m) > m + 4) 2--~-4- 5 + 2,~+------ ~ • 2-- ~ + 2m+---- ~. 
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! 1.rt(s(m))-l-1 ! By (4.16) there exists vm E spantx~j  . . . .  (~(,~))+1 such that [[Xo,m - (A~ +vm)[I < 

1/2m+2; therefore we can conclude that 

rt(s(rn)) 

• 0 - { Y~ [x::(~0)x'~ + x:*(xo)x:l + ~ }  = II{x"- A2} + {x'(A1 + vm)}l[ 
n = l  

(by the first relation of (4.15)) 

IIx" - A~II + IIx' - x~,~LI + IIx;,m - (A~ + v m ) l l  

< (by (i) and (ii), moreover by what we have specified above) 1/2 m÷l + 1/2 m+3 + 

1/2 m+2 < 1/2 m. This completes the proof of Lemma 4.2. 

5. E x t e n s i o n  o f  t h e  u n i f o r m l y  m i n i m a l  basis w i t h  quas i - f ixed  b r a c k e t s  

a n d  p e r m u t a t i o n s  

Proofo£ Theorem II: We start from the M-basis (Wn} of Proposition 4.1. 

We shall define two new sequences (Yn} and {zn}, with (YmY*} t2 (z~, z~) 
biorthogonal, such that  {y~} is a block perturbation of {an} and {y~,y*} m 

{z~, z*} is a block perturbation of {un, u*)  U (vm v*}; we mean that there will 

be an increasing sequence {q.~} of positive integers such that,  for each m, 

s r ~ a n ,  f lqra+l  q r a + l  . LY'~tn=q,,~+l = span{Un}n=qm+l, 

(5.1) qm+l span{y~, Zn}n=qm+l = span{un, Vnjn=qm+llqm+l, 
span{yn, * l q m + l  * * qm+l  

• Z n ~ n = q m + l  = span{u~, Vn}n=qm+l" 

Setting • qo {Yn,Yn}n=l = {Ul U~} and {zm .~qo , Z n J n =  1 -= { V l , V { } ,  by induction w e  

suppose to have defined, for some m _> 0, {Yn, YnJn=l*~qm U {Zn, *nJ,=:'*lqm and we are 
going to define .r . . . .  . ~qrn-t-1 IX Z* ~qm-t-1 t . Y n ,  Y n J n = q m ' t - 1  I J k n ,  n J n = q m + l "  Unlike the proof of Theorem 
1, we do not start  from the sequence {rm} of Reference I* of the Introduction, 

but we prefer to directly define this sequence during the construction. 

(5.2) 
There exists an integer rm, o '  such that 

(i) for each x of span{urn v~}q=l qm = span{yn, Zn}n=l, 
! ! 

• '¢'rr~O Tin ,0  
I dist(x, span{un, V~}n>qm) -- dlst(x, span{{un}.=qm+l U {vn}n=qm+l})l 

< Ilxil/{2m(2 + 2qmH)}; 

(ii) for each x of span{un}q~l, 
! 

I dist(x, span{u~ }~>qm) - dist(x, ~ .o  span{un}n=q,~+l)l < IIxLI/{2"~(2 + qmH)}. 
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We start with the elements yn: Fix i with 1 < i _< rm, o '  - qm and assume to have 

already defined the biorthogonal system 

t 
* U r * 1 m j  ~ i - - 1  

{ { Y q m + J ' Y q m + j }  ~ Y n ' Y n ~ n = r '  j _ l + l t j = l ;  

then we are going to define a biorthogonal system 

{Yq~+i, Yq,~+i} U {yn, y,~}~=;:.~_1+1 

(the same definition works also for the first step, that is for i = 1). With the 

{w,~} norming, by Reference I* of the Introduction, by-(c) of Proposition 4.1 and 

by the proof of (4.13), there exists an integer rm,i, O r  >_ rm,i_ 1 '  such that 

(5.3) 
t 

r m , i - - 1  q m  (i) for each x of span{{un}n=l U {v,dn=~}, I dist(x, span{{un}n>¢~,~_l 
i 

dlst (x, span{u~ }n=/jm,i_ 1 ~-1)1 

<_ Ilxll/{2m+l[1 + H(r~m,i-1 + qm)]}; 
! 

r r n , i - -  i • 
(ii) for each x of span{un}~:l , I dist(x, span{u~}n>r: ,_ 1) 

! 
• r m , l , o  

- dlst (x, span{un }~=~, ,,_1 +1)[ 

< Ilxll/{em(2 + Hr: , i_ l ) } .  

We point out that, from (5.2) and (5.3), it follows that we have both the 

properties of (4.13) and the properties of the sequence {rm} of Reference I* 
of the Introduction. Then setting 

t m+6  I 
S m ,  i : 2 H ('l m,i-1 + qm ) , we choose a sequence 

t 
' rm ,~ ,O  

Wm,i , s~s= 1 ~ with Win,i, s - -  - -  am, i , s ,nUn 
(5.4) n:~:,~_l+l 

! 
for 1 < s < Lm,i, which is (1/S'm,i)-dense in the 

! 

ball of radius S~m,i of span {un} ~m'''° 
n = r ~ m , i _  l -~  l " 

Choose now two positive integers A'(m, i) and rim, i as follows: 

13 
let A'(m, i )  denote the first integer > 8H.  S~,i, 

! 
such that there exists another integer rm,i, 

such that the following properties hold: 
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(5.5) 

~u 2 . j £ , ~  ru  /7, , , ,  ° 
(a)  ( nJn=r,  ,i,o+ 1 = tUO,m,i ,n~n=l L_J't O,m,i,O,nln=l , 

" I ~ , ,  2 :  RI ]A'(m,i)+L~m,i'S~,i 
ttO,m,i,n~n= 1 : { { ( t t f , j , n ) n _ l } j . = l ,  f=A, (m, i )+ 1 

r r r r  12  f ( m ' i ' s , k  ) ~ R f ( m , i , s , k )  ~ S m , i  ~ L m , i  
~- ~ U f ( r n , i , s , k ) , j , n ~ n : l  J j = l  Jk----1 J s = l  

I 4H2S 'a ~ and ' (1 ' - r  ~4 - ~ ' ~ "  T~n,i,o ~ ~- rm,i ,o m , i -  l ! ' ' , 

r r  v 1QY,olA'(m,i)+L~,i'S~,~ 
(h )  {Vn}n>q,~ ~ "['t f ,O,nYn=l ] f = A ' ( m , i ) + l  

2:  R :  Q :  o (we use s e q u e n c e  {{Uf,j,n}n=l}j= 1U {Vf,O,n)n=' 1 of Proposi t ion 4.1). We then set 

and 

! 
Yqm+i = Uq~+i/S'2m,i - E E  E 

s = l  k=l  ~m, i  j = l  
Uf(m,i,s,k), j ,1 

/ *  r~12 * . 
Yq,,~+l  = D m , i U q ~ + i ,  

moreover, for each set of indices {k , s , j } ,  with 1 __< k --< ~m,i,ql2 1 _< S ~ Lm,il 
' and and 1 < j < Rf(m,i,~,k), we set Yf(m,i,~,k),j: = U/(m,i,~,k),j,1 + W,~,i,~ 

Y'~(m#,~,k),j,1 ---- U*/(~,i,~,k),j: + k" uqm+i, while 

(5.6) 

I 
Yf(m, i , s ,k) , j ,n  = Uf(m,i ,s ,k) , j ,n  

for 2 < n < 2/(m#'~'k); 
/ 

Yo,m,i,O,n = UO,m,i,O,n and 

for 1 < n < T'm#,0; 

I *  * 
and Y:(m,i,~,k),j,n = U.:(~,i,~,k),j,~ 

I *  * 

YO,m,i,O,n ~ ~O,m,i,O,n 

while y~ -- u ,  for rm,i_ I '  + 1 _< n _4 rm,~, o . '  By (5.4) and (5.6), by means of a 

formula analogous to (3.8), there exists 

' . ~ ' ,~ ,o  . . . .  7 : , ~  
{y~}~m,,,o in s p a n  {{Un}n=rtm, i_ ,+ 1 U ltqm+i U lUO,rn,i,n~n=l n=r'm,i_l + l 

p p 
U r I I*~?*m,i,O such tha t  ' '* Yo, ,~ , i ,~=l  is {Yqm+i,Yq~+i} tY~,Yn ~ n = r ~ m ,  1-{-1 U {Y'O,m#,~, '* ~T~,, 

! ! 
biorthogonal  w i t h  '* , ,  rm,i.o . .  r I* ~Tm,i span{yq~+i U {Yn } n = r l m , i _ l - ~ l  U tYo,.~#,,~N~=l I 

. S u . ) r -  ~,o ~ . ~ T ' , ,  ~ 
---- span{uq,~+i ~J t nJ~=r'  . ~+1 U tUo,~,i,~1~= 1 I" 

Proceeding as in Theorem I, th rough  (3.9) up to (3.10), we pass from 

! p 
I l *  I I *  r m , i  * ~ j  * T~'r~,i 
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with  IlYq~+~ll = 1 and Ilya~+~ll* < 3H, Ily~ll = I and Ily~ll < 3 H  for rm#_ 1 '  + 1 _< 
n < rm#.' Proceeding  in this way up to i = rm, o '  - q~ and set t ing 

(5.7) 

" ' for i ' - qm we have that:  r m ,  0 = r m #  : r m ,  0 

r~'  o r~',O 
span{yn}n=qm+l = span(un}~=qm+l and 

i i i  f l l  
* r m , 0  * 7"Trt ,o 

span(yn}n=qm+l = span{Un}n=q,~+ l. 

We give an analogous construct ion for the elements z~: 

At first we pass f rom rm, o"' to rm, o " such tha t  (see (b) of (5.5)) 

(5.s) 
* for "' + l < n <  " Yn -~ Un and y* = u n rm, o rm, O, 

i! ! • i 12 rr 
rm'O £ f f V  ] Q L ° I A  ( m ' s ) + L m ' i ' S m ' i ~  n~'o--qrn 

( V n } n = q m A - 1  ~ "t*L~L f , O , n l n = l  S f = A ' ( m , i ) + l  f i = l  " 

Again we proceed by induct ion and we only describe the general step. T h a t  is, fix 

i wi th  1 < i < rm,o,I - -  qm and suppose we have already defined the bior thogonal  
i !  i i  . 

sys tem {{Zq~+j, Zq~+j} U {yn, y~}~'~'J U {z~, z~ }~-]" then we n = r ~ , j _ l + l  ~ j - 1  + 1  ' 
it 

are going to define a bior thogonal  sys tem {Zqm+i , Zqm+i ) *  U {y=, Yn}n=r=,~_~* r m ' i  + 1  [-J 

tl 

{z=, Z*nj~=~2,~_~+l~" (again the construct ion works also for the first step, tha t  is 

for i = 1). 

There  exists an integer rm,i, 0 ' '  > rm,i_ 1 "  such that ,  

~ , , - 1  r " , _ ,  for each x of span {{un},~= 1 [2 {v~}~= 1 }, 

(5.9) I dist(x,  span{{Un}n>r=,~_~ L2 {v~}n>r:,~_~ }) 
TH It 

• m, i ,0  7"?rt,i,0 
- -  dmt(x,  span{ {Un}n=r~,,_~ +l U {Vn}n=r,, _~ +l } )l <_ Ilxll/{2 m+1(2 + Hr,, i_1)  }. 

Set t ing  

S ~ ,  i = 2 m + 7  H r "  m , i - 1 ,  w e  choose a sequence 

(5.1o) 

ir 
~m,i,O 

,, ~L", ,, 
w.~#,sl.s= 1 , with Wm,i, s --  --  ~ (b.~#,~,nun + cm#,~,nv~) 

n-=r~ , i_  ] A-1 

for 1 < s < L~,i ,  which is (1 /S~3) -dense  in the ball of 
ii tl 

radius  " r~.~,o rm.~,O S~n,, of span {{un}n=r. _l+l L9 (Vn}n=r:,,_~+l}" 
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After, we choose two integers A " ( m , i )  and  rm, i " as f o l l o w s :  

__ ,q"t3 A " ( m , i )  is the first integer > 8 H . _ m ,  i such tha t  

" such tha t  there exists another  integer rm, i 

v V ' , , ,  ~ ~7::, ~v . ( r - , ,o  
n J n = r ~ , ~ , 0 + l  = tVO,m, i , n~n=l  U t O,m,i ,O,nJn=l 

(5.11) ~ 1T~ ,  ' r f r v  121 1T I 1A,,(m,i)+L=,i.S=2,~ 
~VO,rn,i ,n~n=l = ~( ' t  f , J , n ] n = l ] j = l ~ f = A " ( m , i ) + l  

• 112 it 
r r r r  12Y(m,~, s,k) ~T/(m,i,~,k) lSra,i ~Lm,i 

= ~ V f ( m , i , s , k ) , j , n ] n = l  J'j----1 ~ k = l  J s = l  

I i  A u2~t/3 T"  
a n d T "  (1 " - r  • ~4 . . . .  ~ ,  ~ ,  m,i,O > ÷ rm,i,O re,z-- l /  ' ' 

r r  12f  1Tf  (we use the sequences l i v l , j , ~ t ~ = l t j = l  of Proposi t ion 4.1). Then  we set 

t !  I12 
Lm,i S m j  ~ T$(m'i's'k} 

' E 
Zqm+i : V q m + i / ~ m , i  -- ,~tt2 Vf(m, i , s ,k ) ,J ,  1 

s : l  k : l  --m,i j : l  

a n d  Zqm+i ---- ,Dm,iVqm+i , moreover, for each set of indices 

{ k , s , j } ,  w i t h l < k < S  ''2 l < s <  " a n d l < j _ <  -re,i, L. . , i  -- TI(m,i,s,k)' 

' " a n d  '* w e  s e t  z f ( r n , i , s , k ) , j ,  1 = V f ( m , i , s , k ) , j , 1  ÷ Win,i ,  s Z f ( m , i , s , k ) , j , 1  

( 5 . 1 2 )  Vf(m#,~,k) , j ,  1 + k * w h i l e  ' = * " VqmH-i' Z f ( m , i , s , k ) , j , n  = V f ( r n , i , s , k ) , j , n  

a n d  '* * Z f ( m , i , s , k ) , j , n  = V f ( m , i , s , k ) , j , n  for  2 < n < 2f(m' i ' s 'k) ;  

'l 
' '* * for  1 < n < Tin# ,0 ,  ZO,m,i,O, n = VO,m,i,O, n a n d  Zo,m,i,O, n --- VO,m,i,O, n 

' " " • f i n a l l y  z n = Vn for  r m , i _  1 ÷ 1 < n < rm, i ,O ,  

t . '* * for  " + l < n <  " Yn = Un for r m , i _  1 ÷ 1 < n < r m ,  i "  and Yn = Un rm, i ,O  rm, i"  

B y  ( 5 . 1 0 )  a n d  ( 5 . 1 2 ) ,  b y  m e a n s  o f  a f o r m u l a  a n a l o g o u s  t o  ( 3 . 8 ) ,  t h e r e  e x i s t s  

, ,  r", , ,o , .  r:,~,o X *  {Yn }n--r" "1 U {Z n } in  s u c h  t h a t  -- m,i__l t n=r',:,,i--l + l  

it ii 
{Z'qm+i , z ' *  1. , ,* r,.,~,o Z'*lrm,l ,o q , , , + ,  u { y , .  u {z',,, ,., ~ , .= , . .  _ ,+~ Y,', },,=,-",~_~ +1 

T II 
Uj-z  ~ z~.  ~. m,, i s  b i o r t h o g o n a l ,  w i t h  ~. O,m,i,n~ O , m , i , n ~ n = l  

U { y n } n _ r , , ' *  r='~'° U ~rzt*~r=' i '°  U IZ'* / T ' ~ ' ~  : span{zq.,+i _ re , i_1+  1 [ n J n = r = , i _ l + l  [ O , m , i , n J n = l  J 
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I I  11 I !  
$ span{vq.~+ i U {u*} r~'' '° U Iv * 1-r'' ' '° ~ . , r~ , ,  

Proceeding as for Theorem I, from (3.8) to (3.9), by (5.10), (5.11) and (5.12) we 

obtain tha t  

' " tlZqm+ill < - - - - m , ~ - m , z ,  moreover, for each set of llz  + ll '* . "  

,q-2 tl indices { s , k , j }  with 1 < k < ~m,i,1 < s < Lm, i and 1 < j _< Tf(~,i,s,k), 
! '*  " H S  l ! 3  " < 4  

(5.13) while, for each n with " " r m , i _  1 ~ 1 < n < rm,i ,O,  

I! - H S I I 2  . dH-2 ~,H3 T t l  4 H 2 q / ! 3  T t !  . []z~n*[[ < H + HSm, i .2 m,i " Tm,i < - - -  --m,i-m,i and ]]y~*]] <___  - -m,*-m,*"  

By Reference II* of the Introduction,  and by (5.11), (5.12) and (5.13), there exists 
i i  T I !  

* Z * l rm ' i 'O  U r Z  Z* ~ m,l,o abl°ckper turbat i°n  {Zqm+i,Zq.~+i}U{z~, ~ "  +1 ~ O,m#,o,~, O,m,i,O,n~=l 
re,i--1 

" T "  
o f { Z q m + i , Z q m + i } O { Z n ,  Zn rm.~,o , , .  m,i,o ' '* ' '*}r:,~_~+lU{z0,.~#,0,n,z0,.~,i,0,=}~=l withl lz~+~ll  = 1 

and llZqm+ill* < 3H, IIz,~ll = 1 and IIz*ll < 3H  for rm,i_ 1 ' '  + l < n < r "  - -  - -  m , i , O ,  

IlZo,m,i,o,~l[ = 1 and ]lZ~,m,i,o,=l[ < 3H for 1 < n < T~#,o. Again by (5.12) and 

(5.13), since by (5.11), 

p! I! t! !! f! ~ 4 H 2 S ~ 3 1 T ~  i 
r m ,  i --  rm , i ,  0 > Tm, i , o  > ( rm, i ,o  - r m , i _ l ) ~  , , , 

, p t l  . ' r ; ;  

. . . . .  {y~,y~ } ~ = ~ .  1+ 1 with there  exists a block per turba t ion  (Y~,Y~}~=r"~_~+I of ' ! . . . . .  ~ , -  

IlYnll = 1 and IlY~II < 3H  for r.~,o,i_ 1 '  + 1 _< n < rm,0, i . '  Finally by (5.12) 

and (5.13), for each set of indices {k , s , j } ,  with 1 <_ k -< ~m,~,~q"2 1 _< s _< Lm, i ' '  

and 1 < j < Tf(m#,~,k), since by (5.11), f ( m , i , s ,  k) > A"(mi)  > 8 H .  S ''3 
f * ~2 f (m' i , s ,k)  

there  exists a block per turbat ion  "[Zf (m, i , s ,k ) , j ,n ,  Z f (m, i , s , k ) , j , nJn_=l  of 

' Z'* ~2f(m,~,~,k) with IlZf(m,i,~,k),j,~ll = 1 and Z~(m,i,~,k),j,nll Z f ( m , i , s , k ) , j , n ,  f ( m , i , s , k ) , j , n f n = l  

< 3 H  for 1 < n < 2 f ( m ' i ' s ' k ) .  

Proceeding in this way up to i ---- rm, Or1 - -  qm we have that ,  

(5.14) 

I! setting q m + l  = r m  " - then: s p a n  I "l. q '~+l r~,o q,~ t Y n J n = r ~ , o + l  

qm+l . qm+l U I* l q m + l  1 
---- span{un}n=T=,o+l,span{{zn}n=qm+l tYn~n=r=,o+l~ 

_ s.anYf~ lqm+l [_J Iu l q~+l ~ and span ; I  *lqm+ 1 - -  1~ l l . U n f n = q m + l  [ n J n = r ~ , o + l ~  1 1 Z n i n = q m + l  

( . J f - * ) q m + l  ] * qm+t I u * l q m + l  

By (5.7), (5.8) and (5.14) it follows tha t  (5.1) holds. Now the construct ion 

has been completed and we proceed to verify the assertion; we begin directly 
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with the proof that {xn} = {yn} U {z~} is a basis with quasi-fixed brackets and 

permutations of X. 

Letting then x0 be an element of X with ilx0[I = 1, we have that {m} = 

{re(t)} U {m'(t)} U {m"(t)} where one or two of these subsequences can be finite 

or void) such that,  for each t: 

(5.15) 
* 1 / ~,//2 I/ (a)[Vq.~(,)+i(t)(Xo)l > ~/~,~(t),i(t) for i(t) with 1 < i(t) < rm(t),o - q m ( t )  

* x .~.2 for i(t)  + 1 < j < r~(t),o - qr~(O; and IVqm(o+j( o)1 <- 1 / O m ( t ) , j  - -  - -  

~ o . 2  for 1 < j < " but (b)}v~..,(,)+j(~o)] _< ~ / ~ ' ( o , 5  ~ , ( o , o  - qm,(o, 
* 12 l > 1/Sm,(t),i(t) for i(t) with 1 _< i(t) <_ rm,(t), o - qm'(O and 

,2 < j < _  , <_ 1/Sm'(t) , j  for i(t) + 1 rm,(t),o - qm'(t); 

-,-,12 for 1 < j < 1' (c)lv~,~,,(o+j(Xo)l < 1/~m,,(t) , j  rm,,(t),o - qm"(t) and 

12 / lu*q,~,,(,)+j(Xo)l < 1/S~, ,( t) ,  j for 1 < j <<_ r,~,,(t), o - q,~"(t). 

Again we consider separately the three subsequences: 

(A) Suppose that  {re(t)} of (a) of (5.15) is infinite. 

Starting from (a) of (5.15), we can follow step by step the procedure of the 

proof of (A) of Theorem I, from (3.11) up to (3.18). We point out that,  by means 

of (5.9) and following the proof of (3.14), there exists a subsequence {t"} of {t} 

such that,  for each t and for each t' > t ' ,  there exists 

?.It 
m(t'),i(tP),O 

wt' E span{{un}n=r=te. ,U,)_l+l  

such that,  analogously to (3.14), 

ii 
f "1 Vm(t t ) ,i(t¢),O 

U ~ V n ~ r t = r ~ ( t , ) , i ( t , ) _ x q _ l  

r m ( t  I)--I 

- -  * X Xo y~( o)y,  + 

7"tl / m ( t t ) , i ( t l ) - I  

+ 4( o)zn + w,, 
n=r~( t , ) ,o  q-1 

q , ~ ( t , ) + i ( t ' ) - - I  

E z:(xo)zo 
n = l  

< 1/2 t+1. 

Then fix t and t '  > t": We can choose an index k(t~), with 1 < k( t  I) < 
Om(t,),i(t,), such that  a property analogous to (3.16) holds. Moreover, by (5.10) 

and by means of the same procedure of Theorem I, we can choose an index 

s(tl), with 1 < s(t ' )  < L"  such that a property analogous to (3.17) - -  - -  m ( t ' ) , i ( t ' ) '  

holds. At this point we consider the fixed index f ( m ( t ' ) ,  i( t ' ) ,  s(t '), k(tl))  and, by 
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means of (a) of Proposition 4.1 (see (5.11)), we can choose an index j(t'), with 

1 < j( t ')  < Tj(m(t')#(t'),s(t'),k(t')), such that, analogously to (3.15), 

r~(t ,) . i( t ,)- i  qm(t')+i(t') -1  r~(t,) , i(t ,)-i  

{ E E z:(xo)z + E 
n = l  

2.f(ra(t~),i(tJ),s(t'),k(tP)) 

n~-I 

n = l  --r" n - -  m(t , ) ,OA-1 

Z~(m(t ') , i( t ' ) ,s(t ') ,k(t ')) , j( t ' ) ,n(XO)Zf(m(t ') , i( t ' ) ,s(t ') ,k(t ')) ,J(t ') ,n } 

< 1/2 t. 

Therefore there exist for each t a permutation 

{Trttin ~]qmtt)+l of r I q m ( t ) + l  t ]Jn=qm(t)+ t ~n~n=q,,~(t)+l , t W O  integers qo,m(t) 
! I] 

and qtg, m(t) with qm(t) + 1 < qo,m(t), qo,m(t) <- qm(t)+l 
! ! 

and a positive era(t) so that era(t) -+ 0 with t, 
qm( t )  

(5.16) suchthat x0-{ ~-~.[y*(xo)y~+z*(xo)zn] 
n = l  

t! 
qo,m(t) qo,,~(t) 

+ Z y:(x0)y~+ Z z;,,(~)(xo)z~,,(~)} <~'(~) 
n~qm(t ) +1 n=qm(t ) +1 

(B) Suppose that {m!( t ) }  of (b) of (5.15) is infinite (this can happen in partic- 

ular if x0 E Y, therefore the cases (B) and (C) include also the proof that {Yn} 
is a basis with quasi-fixed brackets and permutations of Y; for this proof in (5.2) 
and (5.3) we have only to use (ii). Again, starting from the second part of (b) of 
(5.15), we can follow step by step the procedure of the proof of (A) of Theorem 
I, from (3.11) up to (3.18). We point out that (i) of (5.3) is similar to (4.13) of 
Lemma 4.2; moreover, also the hypothesis on xo of Lemma 4.2 holds since, by the 

/ . t  first part of (b) of (5.15), for each t, since by (5.7) and (5.8), m'(t),i(t),o < r~'(t),o, 
moreover by (5.10), we have that 

T',(t),~(~),o / ' (o, ,m,o 1 1 

Z I~:(~0)L < ~ s": < 2m'(~---~; 
n=qm~(t)+l n=qm~(t)+ 1 m*(t),n--qm~(t) 

hence the statement of Lemma 4.2 holds and, again, there exists a subsequence 
{t"} of {t} such that, for each t and for each t' > t", there is 

rm(tt),i(tt).O 
wt' E span{u~}n=~,m(~,),,(~,)_~ + 1 
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such that,  analogously to (3.14), 

qm'( t ' )+i( t ' )  - 1  r ~ ' ( t ' ) , i ( t ' ) - I  qm'(t') 

n = l  n = r ' m ,  (t,),o-I- 1 n = l  

1 < - -  
2t+1 - 

12 Hence fix t and t '  >_ t": We can choose an index k(t'), with I < k(t') <_ Sm,(t,),i(t,), 
such that  a property analogous to (3.16) holds; moreover, by (5.4) and by means 

of the same procedure of Theorem I, we can choose an index s(t'), with 1 < 

8(t 1) <_ L~,(t,),i(t,), such that a property analogous to (3.17) holds. At this point 

we consider the fixed index f (m ' ( t ' ) ,  i(t'), s(t'), k(t')) and, by (5.8), we have that  

lr,7~n,(t,), 0 f 1Qf(mQt') , i( t ' ) ,s(t ') ,k(t ')) ,o 
V n ~ n = q m , ( t , ) +  1 D " tV f (m , ( t , ) , i ( t , ) , s ( t , ) , k ( t , ) ) ,O ,n ln=l  

hence, by the first part of (b) of (5.15) and by (5.10), 

Q f (rn, ( t,) ,i( t t ) ,s(t ~" ) ,k( tt) ),0 

t 
n = l  

1 1 
<- c,---g---- " Qi(m,(t,)#(t,),s(t,),k(t,)),o < ~; 

° r n ' ( t ' ) , l  

that  is, the hypothesis of (b) of Proposition 4.1 is verified and the statement holds. 

Then we can choose an index j( t ' ) ,  with 1 < j ( t  !) <_ ]~I(m'(t'),i(t'),s(t'),k(t')), such 

that ,  analogously to (3.15), 

qm,(t , )q-i( t ' ) --I  

+ 
n = l  

2](m:(tr),i(t:),s(tt),k(t')) 

E 
n-~l 

p 
rmt( t l ) , i ( t ' ) - I  qml (# )  

Z y (x0)yn + Z 
n=r 'm~ ( t , ) , o + l  n = l  

Y~(m'(t')#(t'),s(t'),k(t')),j(t'),~(X0) 

1 
× Yf(m'(t'),i(t'),s(t'),k(t')),j(t'),n < 2- ~" 

Z ~ ( X O ) Z n +  

Therefore again there exist for each t a permutation 

(5.17) 
I{ h~qml(t)+l o f t  )qm'( t)+l  t 7r kn)ln=qm,(,)+l ~n)n=qm,(t)+l, an integer qo,rn'(t) with qm'(t) + 1 

l I <--- qo,m'(t) <- qm'(t)+l and a positive em,(t) -+ 0 with t, such that 
r 

qmt (t) qo,m' (t) 

* X * / 

n = l  n = q m , ( t ) + l  
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(C) Finally, suppose tha t  {m"(t)} of (c) of (5.15) is infinite. 

By (c) of (5.15), by (i) of (5.2) for the definition of r'm,,(t),o, by (i) of (5.2) 
and of (5.3), by (5.7), (5.8), (5.9) and (5.14) for the definitions of r"m,,(t), o and of 
qm+~, and also by (5.4) and (5.10), we have the following two facts: the first one 

is tha t  
i 

rmlt(t),o 

E [?'t~ (X0)~n  "~ V:(XO)Un] ~- 
n=qmH(t)+l 

< - -  

r~,,(~),o r~"(0,o 

E i :(x0)t+ E 
n=qm,,(t)+l n=qmH(t)+l 

2 
for each t; 2m"(t) 

' for each m, while the second fact is that ,  setting r2m -~ q,~ and r2,~+1 = r,~,0 
by construction this new sequence {rm} has the same properties as the sequence 

{rm} of Reference I* of the Introduction. Therefore, since {u~} U {v,~} of Propo- 

sition 4.1 is norming, by the second part  of Reference I* of the Introduction and 

by the proof of (3.19), setting m"(0) = q0 = 0, we have 

oo qmlt (t+l) 

* X XO = ~ E [Yn( O)Yn qt_ Z*(XO)Zn]; 
t=0 n=qm,, (t)-}'l 

! ! 
tha t  is there exists, for each t, a positive em,,(t), so that  em,,(t ) --+ 0 with t, such 

tha t  
qm'~ (0 

(5.1s) x0 - [v (x0)y  + < g " ( o  
n ~ l  

Again, our aim now is to show that ,  for each positive integer i, 

setting q(i) = q2i, there exist two permutat ions 
• . q ( i + l )  

{Trr ,,'(n))n=q(i)+ix~q(i+l) &l"ld {'.;T"(T/,) }q(_/q+~i~+ 1 of {n),,=q(O+l, 

two integers q'(O,i) and q"(O,i), with q(i) + 1 <_ q'(O,i),q"(O,i) < q(i + 1), 

and a positive number e(i) so that  e(i) --+ 0 with i, such tha t  

(5.19) 

q(i) q'(O#) 
Xo -- { E [y~(xO)yn ~- Z~(XO)Zn] + E Y*'(n) (xO)yTr'(n) 

n=l n=q(i)+l 
q"(O,i) 

E z*"(n)(x°)zr"('O} < e(i); tha t  is, if q'(O, O) = q"(O, O) -- 0, + 

n=q(i)+l 
c~ q'(O,i+l) q"(O,i+l) 

 0-Z[ Z Z z:,,(o)(x0)z<o)] 
i=O n=q'(O,i)T1 n=q"(O,i)T1 
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Indeed,  set t ing for each i, 

P. T E R E N Z I  I s r .  J .  M a t t  

and 

{ X n ,  Z* ~q( i+ l )+q( i )  {y~, ^ , / q ( i + l )  
n J n = 2 q ( i ) + l  ~--- Y n ] n = q ( i ) + l  

--* 12q(i- t-1)  "fz Z* I'q(i-t-1) 
Xn ,d 'n . rn=q( i+l )q-q( i ) - t -1  = t n ,  n J n = q ( i ) q - l '  

q(O, i) = q'(O, i) = ql'(o, i), 

, ,~q(0,i) ,/_~lq'(O,i) _a_Trl, ln~lq"(o,i) 7rtn)1n=2q(i)+ 1 = {q(i) + ,, ~l~)i~=q(i)+~ U {q(i + 1 ) .  ~ JJ~=q(i)+l 

and 

, \ ~ 2 q ( i + 1 )  7r, i n ~ l q ( i + l )  1) 7r"(n)}qn(i+q,l, lo,i)+l, 7r[n)~n=q(O,i)+l = {q(i) + t JJn=q'(O,i)+l U {q(i + + 

it will follow tha t  

oo q ( O , i + l )  

x ° = E  E x*(n)(xo)x . (n)  w i th  2q(i) + l <_ q(O,i) < 2q(i + l) 
i = 0  n=q(O,i)+ l 

for each i; t ha t  is {Xn} verifies the proper t ies  of (D4) of the Int roduct ion.  

Then,  for a fixed q(i) = q2i, we have one of the following three possibilities: 

(i) 2i + 1 = re(t) for some t: in this case, by (5.16) we obta in  (5.19) 

q~ 
I . f7rt(n~3q'(O,i)  [ ~. o,~(t)  for ql(O,i) = qo,m(t) and t ~ ]Jn=q(i)+l ---- [ r t J n = q ( i ) + l '  

moreover  ql' (O, i) = qo,m(t)l' and 
,t • q "  

lTr~ tn~q  (°'0 In1  q '~( t )  I T r ' t n ~  o,m(~) e(i) ' • t k ]Jn=q(i)q-1 ~ t J n = q ( i ) + l  U k k )Jn=qm( t )q-1 ,  = Era(t) ,  

(ii) 2i + 1 = m'( t )  for some t, then  by (5.17) we obtain  (5.19) for 

! 

, ,. _ $ n l % ~ ' ( t )  ~ T r 1 ( n ~ q o , m ' ( o  ql(O, i) = qo,m'(t)l and {rr'(n)}q~(°~)+l - t  Jn=q(i)+i U . . . .  ~=q~,(O+l' 

moreover  q " ( 0 ,  i )  = qm'(t) and 

I l l 0  i ~ I ~1r1,, ,~q t , ,  I_lq-, '( ,)  E(i) 
( n ) . ~ n = q ( i ) + t  -= t ' t ~ t n = q ( i ) + l ,  = e m , ( t ) ;  

(iii) 2i + 1 = m" ( t )  for some t, then by (5.18) we obta in  (5.19) for 

q'(O, i) = q'1(0, i) = qm,,(t) and 

{Tr/(n.~lq'(O,i) . f o r l / ( n , ~ l q " ( o , i )  r ~q~,,(,) e(i) ' • 
\ ] J n = q ( i ) + l  ~- I_ \ ] J n = q ( i ) q - 1  ~ ln~n=q(i)+l ' = Cm"(t)' 

hence (5.19) is proved. This  completes  the proof  of Theo rem II.  
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