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ABSTRACT
{zn} with {zn, z} } biorthogonal is a “uniformly minimal basis with quasi-
fixed brackets and permutations” of a Banach space X if {z,} and {z}} are
both bounded. Moreover, there is an increasing sequence {gm } of positive
integers such that, for each z’ of X, setting ¢’(0) = 0,

oo q(m+1)

@=3 Y T @),

m=0 n=q’(m)+1
where, for each m > 1, q(m) + 1 < ¢’(m) < g{m + 1) while

+1 . . +1
{Tr'(n)}fl(;r;(m))%_1 is a permutation of {n}i(;';(m))H.
Then, for each subspace Y of a separable Banach space X, there exists
a uniformly minimal basis with quasi-fixed brackets and permutations of
Y, which can be extended to a uniformly minimal basis with quasi-fixed
brackets and permutations of X.
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Introduction

The main idea was to equip a normed space, in particular an infinite-dimensional
separable Banach space, by means of a system of coordinate axes, like the couple
of abscissa axis and ordinate axis which characterize R?. From this idea a famous
problem was born and for a long time remained unsolved: The basis problem.
Indeed for a Hilbert space this goal was achieved by any orthonormal basis,
while for general Banach spaces the situation was quite different. The search
for a suitable system of coordinate axes originated already in Banach’s book [4]
with the problem of the existence of the basis. This problem was solved only
in 1973 by Enflo in the negative. At this point let us give a list of four main
ideas (definitions Dy, ..., Dy4) of systems of coordinate axes in a general separable
infinite-dimensional Banach space. We shall begin with the more general (hence
less useful, but which exists in every case) definition and proceed with more and
more restrictive conditions (which are satisfied only in particular cases).

If X is a Banach space, X* its dual and if {z,} is a minimal sequence of X
(that is, dist(zm,span{@p }nzm) > 0 for each m, hence there exists {z}} in X*
with

{Zn,z}} biorthogonal,

that is, z7,(Tn) = dmn Kronecker indices), then we can consider {z,,} as a system
of coordinate axes and, in particular, we call this system:

(D7) M-basis (from Markushevich basis) if span{z,} is dense in X and {z};}
is total on X (z(z) = 0 for each n imply z = 0), hence each element z of X is
associated in a unique way with the series X2, z (x)z, without any information
on the convergence; in particular the M-basis is said to be norming if there exists
K > 0 such that, for each z of X,

o]l < K - sup{|z*(a)| : 2* € span{a}} and [l2*]| = 1};

moreover, the M-basis is said to be strong if = € closure of span{z}(z)z,} for
each z of X (in general, an M-basis is neither norming nor strong).

(D3) Uniformly minimal M-basis if in the preceding definition {z,} and
{zx} are both bounded (hence there is a K > 0 so that dist(z,, span{zn }nzm) >

K for each m), this implies for the preceding series that
z;(z)z, = 0 withn,

which is a necessary but not sufficient condition for the convergence (let us
point out this simple but important fact (see Reference I* at the end of this
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Introduction): if ||z,|| = 1 and ||z}|| < H for each n, if € X and € > 0, there
exist

p ptaq pratr prq+r+s
"
w' = Zx;(w)mn -+ Z anz, and w = Z z (z)zn + Z An Ty,
n=1 n=p+1 n=1 n=p+q+r+1
with ||z —w'|| < €/2H and ||z —w" || < e/2H, hence if
ptg prgt+r prgtr+s
w=w —w = Z[ »(x) — aglen + Z (@), + Z Ap Ty
n=p+1 n=p+qg+l1 n=pt+gtr+1

we have that |Jw|| (= ||(z — ') — (z — w")||) < &/H; on the other hand, for
p+q+1<n<p+gq+r z,(z)=z5(w), hence

|z (@)] < llznll - vl <e.

(D3) Basis with individual brackets and permutations if for each 2’ of X
there exist an increasing sequence {q’'(m)} of positive integers and a permutation
{n'(n)} of the sequence {n} of the natural numbers such that, setting ¢'(0) =0,

o ¢'(mt+l)

1) g =Y Y Tz

m=0 n=q'(m)+1

in particular, if we have always ¢'(m) = m for each m > 0, we call {z,} a basis
with individual permutations; while if we have always 7'(n) = n for each n,
we call it a basis with individual brackets.

(D4) Uniformly minimal basis with quasi-fixed brackets and permu-
tations if (D3) and (D3) hold, moreover there exists a fixed increasing sequence
{g(m)} of positive integers such that for each z' of X we have (1), where the
sequence {¢'(m)}, though not fixed, is not entirely arbitrary: it is regulated by
{q(m)} in the sense that each ¢’(m) can only range on a finite interval specified
as follows:

(2) gim)+1<q'(m) <g(m+1) for each m > 1.

Moreover, {n’(n)} is also not quite arbitrary: it is the union of finite permu-
tations regulated, again by {q(m)}, in the following way. Setting ¢(0) = 0, for
eachm >0

(3) {7’ (n )}Q(m+1 is a permutation of {n}? ";J(:i))ﬂ
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In particular, we say that {z,} is a uniformly minimal basis with quasi-
fixed brackets if in (3) we have always 7'(n) = n for each n.

Finally, we say that {z,} is a uniformly minimal basis with fixed brackets
if it is a uniformly minimal basis with quasi-fixed brackets, such that in (2) we
have always ¢'(m) = ¢q(m) for each m > 0.

Clearly {z,} is a basis in the usual sense if it is a uniformly minimal basis
with fixed brackets such that in (2) we have always ¢'(m) = ¢(m) = m for each
m. We point out that by basis with fixed brackets (better known as basis
with brackets) we mean the same definition of uniformly minimal basis with
fixed brackets, but without (D2). In general a basis with fixed brackets need not
be uniformly minimal.

Regarding the questions of existence we present two theorems:

THEOREM I: Every separable Banach space has a uniformly minimal basis with
quasi-fixed brackets and permutations.

In the research on Banach spaces sometimes the following situation occurs: we
have a subspace Y of a separable Banach space X and we need some kind of
basis of Y (with the best possible properties) which can be extended to a basis of
the same kind of X. Let us point out that, even in the particular case where X
and Y have bases, in general [48] Y need not have a basis which can be extended
to a basis of X. Extending bases is possible in certain cases, for example [63]
if Y has a basis which is a block sequence of a basis of X (we also recall [58]
that, if X and Y have a basis, there always exists a subsequence of this basis
which can be extended to a basis of X). The same is true for the bases with
brackets (further information about properties of extension of weaker kinds of
bases can be found in References at the end of this Introduction). Let us present
the following property of extension, which improves Theorem I:

THEOREM II: Every subspace of a separable Banach space X has a uniformly
minimal basis with quasi-fixed brackets and permutations, which can be extended
to a uniformly minimal basis with quasi-fixed brackets and permutations of X.

We outline the organization of the paper. In §1 and §2 we set up all the tools
we shall use in the proof of Theorem I, which is in §3. We point out that in a
preceding unpublished version, in a more axiomatic way and practically mainly
by means of the definition of norm, we proved directly Theorem I without passing
through the properties of §1 on finite-dimensional classical Banach spaces; but
the central part of that version based itself on a heavy combinatorial technique
which more than doubled the length of the proof.
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§1 is informal and the main fact discussed there is the simple idea of the
finite transformability of Banach spaces; after that we only present refinements
of known facts. It is known that a Banach space Y is “finitely represented”
in a Banach space X if, for each finite-dimensional subspace Y of Y and for
each € > 0, there exists a subspace Xg of X which is (1 + ¢)-isomorphic to Yp.
Proceeding from another point of view, in this Note we say that X is “finitely
transformable” in Y if, for each finite-dimensional subspace Yy of Y and for each
€ > 0, there exists a subspace Xg of X such that X/Xy is {1 + ¢)-isomorphic to
Yo: That is, by means of division by the subspace X, X can be “transformed”
into a space (1 + ¢)-isomorphic to Y. An advantage of this new definition is the
following fact (proved in §1): The finite representability of [; in X, and the finite
transformability of X in ¢y, are the same thing.

The strategy of the first step of the proof is to consider separately two cases:
If the space has type > 1 we already have at our disposal a sequence of uniformly
complemented copies of IJ {see Reference IV* at the end of this Introduction),
while if the space does not have type > 1, by means of the properties of §1 we
shall be able to construct a sequence {V,,} of subspaces of X of the following
kind:

(a) There exists a biorthogonal system {{vm,n,v;,n};(:ﬂ})}ﬁzl such that, for

each m, X =V, + Vo m with V,, = span{vm, ,}27%,
r(m)

@ Vom = X N{ n "’;,n_L} and {vm,n + Vg,m};(:";) is
n=1

H,,-equivalent to the natural basis of l;(m), with r(m)/H, > 2™;

(b) lvmall = 1 and Jjv}, |l < K for 1 < n < r(m) and for each m (from (a)
it directly follows that, for each zy of X and for each m, there exists n(m) =
n(m, zo) with 1 < n(m) < r(m) such that |v}, . (zo)| < l|lzol|/2™; indeed as
indicated above

r(m) 1 r(m}
looll 2 llzo + Vounll = || D vinn@0)tmm + Voum|| 2 5= X I0innl20)]
n=1 m p=1
> C(—m—) min{|v}, ,(z0)] : 1 < n < r(m)};
Hom ’

it also follows that

r(m) r(m)

r(m)
Hpn || 0 o(20)0min + Vol (2 D [Wra@o)) = [ D 05 n(20)vmn|
n=1 n=1 n=1
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hence there exists a projection Pp, : X — V,, with Vo, = X N P, and
1Pl < Hin).-

The heart of the proof of Theorem I is contained in §2 and §3, where we only
use the technique of the biorthogonal systems. In §2 we obtain (4) by means of
the following procedure: Since the space does not have type > 1, [; is finitely
represented in X, hence X is finitely transformable in ¢p; at this point we use
the fact that, for each m, [ has a biorthogonal system {z,, 2}, such that
{z,}, is H,-equivalent to the natural basis of I*, with m/H, — +oo (in
order to have (a) of (4)), moreover with ||z, fl =1 = [lz}| for 1 <n < m (in
order to have (b) of (4)).

Definition: A uniformly minimal norming M-basis {z,} is said to have
controlled coefficients if, for each sequence {¢,,} of positive numbers with
em — 0,{z,} of (Dy) has a fixed partition in blocks {{mn}zg?-,i))+1};'§:1 such
that, for each z of X with ||z|| = 1 and for each m, there exists n with g(m)+1 <
n < g(m + 1) and |z}(z)] < en. Hence we have a kind of control of the

coeflicients.

In the second step of the proof in §2 we use the first step to construct in any
separable Banach space a uniformly minimal norming M-basis with controlled
coefficients. We point out that a basis (for instance, the natural basis of ¢p) does
not have in general controlled coeflicients.

The last step is in §3 where we pass, from the uniformly minimal norming M-
basis {z,} with controlled coefficients, to {y}, a uniformly minimal basis with
quasi-fixed brackets and permutations of X, by means of a block perturbation
(in the following sense: There is an increasing sequence {g(m)} of positive integers
such that, for each m,

+1 m+1
span{y, }27 ) | = span{z,}X) ).

We wish to point out in advance the main idea of this paragraph (disregarding
uniform minimality): If ||z, || = 1 for each n, there exists an increasing sequence
{rm} of positive integers such that, if zo is an element of X, we can find a
subsequence {s(m)} of {m} and, for each m, a suitable n(m) with rgm)41 +1 <
n{m) < 75(m+1), such that

s(m) 1
Hwo - { > yn(zo)yn + y,‘:(m)(wo)yn(m)}u < om

n=1
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(indeed at first we can choose {s(m)} of {m} such that, for each m, there exists

T
Um € span{a, }, 7" L, such that

Ts(m)

Ts(m)
. 1
“»TO - { Z Ty (To)Tn + Um}” = “-'EO - { Z Yn(Zo)yn + 'Um}“ < gmti’
n= n=1
moreover the construction of the block perturbation allows the possibility to
choose an index n{m) such that we can assume that we have the following
situation:
Vm

wh(z0)’

y:z(m) = m:z(m) +wy, and  Yu(m) = Togm) +

with |w?, (z9)] < 1/2™+2 and (by the controlled coefficients property) |$;‘L(m)(xo)|
< 1/2™%2||yp(m) ||; hence

Ta(m)
20 = { 3= wat@o)vn + i) @o)ynim }|
n=1
Ts(m)
< oo = { 3= @ @o)en + vm || + 1vm = ¥y (@0}
n=1
1 *
< W + ”Um - yn(m)($0)yn(m)||
1 * * Um
= om+1 + ||vm — {xn(m)(mO) + wm(mO)}{mn(m) + w:n(mo) }”
1 * *
= om+1 + Ilwm(xo)mn(m) + J"n(m) (l‘O)yn(m)H
1 * *
S gogr T wm (@) Zngmy | + N7 (m) (20) yn(om |
1 1 11
< 9om+1 T om+2 T om+2 Z_m')'

§4 contains the main part of the proof of Theorem II: The extension of the M-basis
with controlled coefficients and some new devices on the biorthogonal systems,
while the actual proof of Theorem II is in §5 and the construction is analogous
to the construction of §3.

Now some comments.

Comment 1: From a historical point of view: For many years the best known
positive answer to the basis problem was the existence of the uniformly mini-
mal M-basis (Ovsepian—Pelczyriski [32]), which answered positively a question
that again originated in Banach’s book {with a different terminology). In 1976
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Pelczyniski [33] refined this result by proving the existence of an M-basis {z,}
with {z,,z}} biorthogonal and |z, - ||2}]] < 1+ € for each n, for each fixed
g > 0 (if e = 0 it is called an Auerbach biorthogonal system or an Auerbach
M-basis and the question of its existence in every separable Banach space is still
open, though a negative answer is expected). Only recently [57] we improved the
positive answer of [32] by means of the existence of the strong M-basis (the ques-
tion of the existence of the strong M-basis has been open since 1970). However,
it is evident that also this improvement was quite far from the uniformly minimal
basis with quasi-fixed brackets and permutations of Theorem I.

Regarding the negative answers we only recall that the basis with brackets
(“basis with parenthesis” in [49] p. 450) corresponds to the finite-dimensional
Schauder decomposition of the space ([25] p. 48), hence already this kind of basis
in general does not exist (Enflo [6], otherwise the space would have the approxi-
mation property); we also recall [51] that there are spaces with the approximation
property but without a basis.

Therefore the couple of answers, positive for the uniformly minimal basis with
quasi-fixed brackets and permutations and negative for the basis with brackets, is
a sufficiently good approximation of the border between the kinds of bases which
exist in every separable Banach space and the kinds of bases which exist only in
particular cases; this border was the goal of the “basis problem”, hence the end
of its history.

Comment 2: On the basis with individual brackets and permutations: We recall
(Revesz [44]) that the trigonometric system is a basis with individual brackets
and permutations of the space of the continuous 27-periodical functions (but not
a basis with brackets, by a counterexample of Du Bois—Reymond). We point
out that the basis with quasi-fixed brackets and permutations is strictly stronger
than the basis with individual brackets and permutations: For instance, the first
one is always norming ([55] §2, Proposition 1), while the second one is not in
general norming ([53] §2, example).

Comment 3: On the (uniformly minimal) basis with quasi-fixed brackets: The
question of the existence is still open only in the spaces of finite cotype; indeed
in [55] (Theorem I) we proved, in the spaces where co is finitely represented, the
existence of a basis with quasi-fixed brackets; moreover, by means of the ideas
of §1-§3, it is possible to improve the situation in these spaces and to obtain the
uniformly minimal basis with quasi-fixed brackets. Since there are subspaces of
¢o without the approximation property (but with a uniformly minimal basis with
quasi-fixed brackets as indicated above), it follows that the (uniformly minimal)
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basis with brackets is strictly stronger than the (uniformly minimal) basis with
quasi-fixed brackets.

Comment 4: On the basis with individual permutations: At first we recall [19]
that the basis is strictly stronger than the basis with individual permutations.
Although the question of the existence is still open, in [57] we already solved in
the positive the weak version of this question, i.e. the question (raised in [16])
on the existence of the Steinitz basis (that is, an M-basis {z,} of X and with
{zn, x5} biorthogonal, such that, for each z of X and for each z* of X, there
exists a permutation {7(n)} of {n} such that z*(z) = > o, x;(n)(a:)x*(z,r(n))).
However, also the uniformly minimal basis with quasi-fixed brackets and permu-
tation of Theorem I is a Steinitz basis, since ([16] Prop. 5, p. 86) “Every uniformly

minimal basis with individual brackets and permutations is a Steinitz basis”.

Comment 5: On other results: Kadets, Plichko and Popov [20] introduced, in
a Banach space X, the notion of “finite basis” (that is, a sequence {z,} with
span{z, } dense in X and with a number K > 0 such that every finite subsequence
has a permutation with basis constant < K). They gave examples of Banach
spaces X with finite bases which were not rearranged bases; they also proved that
in these cases X can be decomposed into a direct sum of two infinite-dimensional
subspaces; in particular the finite basis does not exist in every separable X.

We recall [51) that in general a separable Banach space does not have the local
basis structure (that is, a sequence of finite-dimensional subspaces {E,} with
{US° E.} dense in X, such that, for each n, En1 D Ep and be(E,) < C, where

be(E,) = inf{basis constant of a basis of Ey}).

Finally, for other kinds of bases, we recall for instance [62] that every separable
Banach space X containing ¢ has a RUC (“random unconditional convergence”)
system (that is, (D;) such that, for every z in X, the series Y0 7n(w)z} (%) 24
converges almost surely in w, where {r,,} are the Rademacher functions).

We pass to some known results.

References I* ... V* below are properties which we shall often use in our proofs.
Although we shall not use References VI*... VIII* (since they concern properties
of extension which are stronger than the property of extension of Theorem II),
they give a panorama of known properties of extension of weaker kinds of bases
from a subspace to the whole space. Finally, it seems useful to us to end this
Introduction with a short outline of the “basis problem” for the non-separable
case, always from the point of view of the M-bases.
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I* (see Theorem I and proof of lemma of [53], see also II* of §1 of [57]; it can
also be derived either from the results of [18] or from [17] (Theorem 3)).

“If {zn,z}} is biorthogonal with span{z,} dense in X, there exists an increas-
ing sequence {r,,} of positive integers such that, for each m and for each z of

span{zn 21,

| dist(z, span{z, }n>r,,) — dist(z, span{z, }, 75 L)

< liah/ {2 (2+ Z EAREN)IT

then it follows that, for each z’ of X

Tm Tm+1
/ : * ! /
z' = lim { E zp (2 )z + E an:vn}
m—>00
n=1 n=rn+1

where {a},} depends on z’ while {r,,} does not depend on z’.
Moreover, if {z,} is a norming M-basis of X, assuming the existence of an
infinite subsequence {m(k)} of {m} such that, for each k,

Tm(k)+1 oo
” E zr(z )z, || < ep, with E ey, finite,
n=r,x)+1 k=1

oo Tm(k+1)

setting 7,0y = 0, we have that z' = Z Z zh (2 )zn.”
k=0 n=rp,(x)+1

We point out that M. I. Kadets [18] proved even more: There exist continuous
functions f,, depending on r,, variables, such that we may take

a, = falzi(@’), ..., 27, (2))-

V. P. Fonf [7] proves that every M-basis with this last property is norming; this
result has been simplified and generalized by M. 1. Ostrovskii [31].

II* ([32], see also [49] p. 248). Let {mn,w;}zil be a biorthogonal system of
X; there exists another biorthogonal system {yn,y;}2il with span{y, }2-,

span{z,}22, and span{y®}2°, = span{z%}22, such that, for every n with 1
n <29,

IA

llynll < llwall /2972 + (1 + 2*/2) max{llel; 2 < k < 29}

and
il < lzt/2972 + (1 + 2Y/%) max{||zg]|;2 < k < 29).
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I11* ([22], see also [25] (lemma 2.¢.8 p. 77) or [47] p. 269). IfU and V are finite-
dimensional subspaces of a normed space with dimension of V > dimension of
U, V has an element z # 0 with dist(z,U) = ||z||.

IV* ([34] coroll. 2.12, see also [28] p. 112). Let X be an infinite-dimensional
Banach space with type p > 1. Then there exist a finite positive number C' and,
for each € > 0 and positive integer m, an integer N = N(e,m) such that, if Y isa
subspace of X with dimension > N, thenY contains an m-dimensional subspace
Yo with d(Yo,!5") < 1+¢ and there exists a projection of norm < C from X onto
Ys-

Hence by [27], if I; is not finitely represented in X, we have the existence of
a uniformly complemented sequence of copies of IF (where a sequence {V;,,} of
subspaces of X is uniformly complemented in X if there exists a sequence
{Pn} of projections such that P, : X — V,, with ||Py,|| < K for each m, where
K does not depend on m); but the weaker condition “cg is not finitely represented
in X” is not sufficient to imply this property [35].

V* ([4] (without proof), see also [25] Prop.1.c.3 p. 16 or [45] Th. 2. p. 257).
Every m-dimensional Banach space with m finite has a basis of Auerbach (that
is,

{Tn, T, Y g biorthogonal with ||z,|| = ||z;|| = 1 for 1 <n < m).

Now we pass to properties of extension of M-basic sequences and of construc-
tion of M-bases “in given directions”, that is, through given subspaces. In what
follows X is a separable Banach space, Y and Z are two subspaces of X with
YNZ = {0} and Y +Z dense in X; we say that ¥ and Z are quasi-complements
of each other.

VI* ([54] Prop. 3, p. 502). If {y.} is a norming M-basis of Y, there exists
{zn} in Z such that {y,} U {2,} is a norming M-basis of X.

Tt is not possible to improve VI* by requiring {z,} to be an M-basis of Z, even
if we do not require it to be norming {[46] Corollary 3, p. 186); but improvement
becomes possible under stronger conditions, indeed: ([54] Prop. 4, p. 505). “Let
{yn} be a norming M-basis of Y, then:

There exists an M-basis {z,} of Z with {y,} U {2,} a norming M-basis of X
& There exists {yx} of Z, such that {yn,y;,} is biorthogonal”.

VII* ([54] Th. I p. 498). If {y,} is a uniformly minimal norming M-basis of
Y, there exists {z,} in X such that {y,}VU {z,} is a uniformly minimal norming
M-basis of X.

Again it is not possible to improve VII* by requiring Z D {z,} ([52] Example).
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We pass to the construction of the M-basis in the two directions Y and Z.

VIII* ([54] Th. I11, p. 498). There exists a uniformly minimal norming M-basis
{yn}U{zn} of X withY D {y,} and Z > {z,}.

Again, it is not possible to improve VIII* by requiring {y,} to be an M-basis
of Y, even if we do not require it to be norming ([562] Example).

Finally, about the extension of basic sequences, we point out also that, if {y,}
is basic {that is, a basis of its closed linear span) with ||y,|| = 1 for each n,
there are always {fn} and {g.} basic, but [56] (Th. p. 189) it is not possible to
always obtain these two properties simultaneously, that is, in general there does
not exist a bounded basic {y}} of X such that {y.,y}} is biorthogonal.

We pass to consider the “basis problem” for the non-separable case (an
exhaustive outline of this subject up to 1980 can be found in {49], §17-§19).

At first we recall that the definition of M-basis for a non-separable Banach
space X is again (D1), only now we have, instead of the countable sequence
{zn,z}}, the transfinite sequence {z;,z})ic; with [ non-countable. We begin
to point out that in general X does not have an M-basis: Already I° with [
non-countable does not have an M-base (Dyer [5]); what’s more (Plichko [39]) in
general X does not have a fundamental biorthogonal system {z;,z}};cr (where
fundamental means that span{z;};c; is dense in X); in particular the non-
separable Banach space C(k), where K is Kunen’s compact, does not have un-
countable biorthogonal systems (Negrepontis [30]).

If X has a fundamental biorthogonal system, it is always possible to make it
uniformly minimal, precisely with sup{{|z;|| - ||z}|| : ¢ € I} < 4 + &, for each
e > 0 (Plichko [40]; a weaker version is that of Godun [10]). But, if X is weakly
compactly generated” (there is a weakly compact subset C which generates X),
then X has an M-basis (Lindenstrauss [24]); and X has a uniformly minimal
M-basis (Plichko [36] and [37]). Moreover, if we do not require that span{z; }:cs
be dense in X, the answer becomes positive, indeed (Plichko [38]):

IX*. Every Banach space X has a bounded biorthogonal system {x;,z}}icr
with {z} }ier total on X.

Regarding the quasi-complements: For the non-separable case it is not known
if there exists an infinite-dimension separable subspace with a quasi-complement.
However ([{54] Prop. 2, p. 502) if {y,} is a uniformly minimal sequence of unit
norm vectors of a non-separable X, in general there is no bounded {y};} in X*,
with {yn,ys} biorthogonal, such that span{y,} + (span{yy}). is dense in X.
Moreover [11] in I there are two quasi-complemented subspaces Y and Z such
that, if {y;} and {z;} are minimal systems with ¥ D {y;} and Z D {2;}, span{y;}
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dense in Y and span{z;} dense in Z, then {y;} U{z;} is never minimal.

Regarding the existence of an M-basis, we recall that this fact implies that X
has an equivalent norm such that in the new norm X shares many properties of
L (1) [13]).

Regarding the strong M-bases: The existence of the M-basis does not imply
the existence of the strong M-basis [2]; while the existence of the strong M-basis
implies the existence of an equivalent locally uniformly convex norm [1]; on the
other hand, there is in [41] an example of a Banach space with an equivalent
locally uniformly convex norm, but without M-bases.

Recently, we have been informed about the following results of Aleksandrov
and Plichko [3], about the relations between the strong M-basis and the norming
M-basis, for a Banach space X:

(i) If X has a norming (countable norming) M-basis, then X has a strong
M-basis.

(ii) There exists a Banach space X with a strong M-basis, but without a
norming M-basis.

Finally, about the Auerbach M-bases we recall [12], [14] and {43].

ACKNOWLEDGEMENT: To Professor Zippin, who checked the paper and

improved the English and the terminology; in particular for his encouragement.

1. The finite transformability of Banach spaces

Two well-known definitions: We say that a sequence {yn}m; (1 < m < 00) is
(1 + €)-equivalent to another sequence {z,}T.; of X if, for any {a,}!_; of
numbers (p == m if m is finite, otherwise 1 < p < ),

o)) "
AnTq|| < ” Z AnlYn
1+¢ = =

We recall that the projection constant A(X) of a finite-dimensional Banach

<+ S anse
n=1

space X is min{A: for all Y O X there is a projection of norm < A fromY on X}.
Now three further definitions. If X and Y are two Banach spaces, we say that:

(Ds) Y is finitely constructible in X

if, for any € > 0 and for any finite-dimensional subspace Yy of Y, there is some
couple of subspaces Xy and Zg of X such that d(Yy, X¢/Z0) (the Banach—-Mazur
distance) < 1 +e¢.
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Assume that Y is finitely constructible in X; we say in particular that:

(D¢) Y is finitely represented in X

if in (Ds) we can always have Z; = {0};

(D7) X is finitely transformable in Y

if in (D5) we can always have X = X.

(Ds) is already well-known in the literature. Then (Dg) and (D7) become two
special cases, in opposite directions, of (Ds). In this paragraph we are mainly
concerned with (Dg) and (D7); indeed (Ds) will appear only in Proposition 1.3.

The next two propositions are already partially known and they connect (Ds)
and (D7), in the particular cases of Y = ¢g and of ¥ = 1.

The main fact of the first proposition is the characterization of the finite repre-
sentability of [; in X, by means of the finite transformability of X in ¢g; another
fact is that in general there are no relations between (Dg) and (D7): Indeed, for
cg, (Dg) is strictly stronger than (D7), while for [; it is the contrary.

PROPOSITION 1.1: For a Banach space X we have the following implications and
equivalences:
(a) co is finitely represented and uniformly complemented in X, with the

projections bounded in norm by 1+ €, for each fixed € > 0.

<(b) ¢ is finitely represented in X.

<(c) X is finitely transformable in co.

<(d) Iy is finitely represented in X.

& (e) X is finitely transformable in I;.

&(f) 1y is finitely represented and uniformly complemented in X, with the
projections bounded in norm by 1 + €, for each fixed € > 0.

Remark 1.1: The implication (b) = (a) is well-known, since A(I%) = 1 for
each n; in particular the spaces I are the only finite-dimensional spaces whose
projection constant is 1 ([9] and [29]; moreover see [65] for a very simple direct
proof). We also recall that (b) = (a) is the finite version of the well-known fact
(Sobezyk [50], for a shorter proof see Veech [59] (also 25] Th. 2.£.5, p. 106; or [61]
Th. 4, p. 146), for another simple proof by means of the biorthogonal systems
[54] (Remark, p. 502)):

“Tf ¢g is a subspace of a separable X, then ¢ is complemented in X and there
exists a projection P : X — ¢p with ||P]| < 2”; moreover, this fact characterizes
¢o (Zippin [64]) (“separable” is necessary since ¢y is not complemented in lo).
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Remark 1.2: We point out that the implication (b) = (c) is strict, otherwise the
false equivalence (b) = (d) would follow. Also the implication (e) = (d) (that
is (f) = (d)) is strict; otherwise, by Reference IV* of the Introduction, every
Banach space would have uniformly complemented subspaces, while for instance,
in [35], there is a separable infinite-dimensional Banach space X, with X and
X* of cotype 2 and without the approximation property, where the norm of any
rank n projection on it is of order /n.

The next proposition is well-known and it will simplify some proofs of §2; it
concerns the following definition: If X and Z are Banach spaces we say that Z
is isomorphically finitely represented in X (X is isomorphically finite
transformable in X) if there exists a positive number K such that, for any
finite-dimensional subspace Zy of Z, there exists a subspace Xy of X and an
isomorphism

T: Xo— Zo (T: X/Xo— Zo) with | T||- [T~} < K.

PROPOSITION 1.2: For a Banach space X we have the following equivalences:
(a) ¢ Is isomorphically finitely represented in X
& (b) ¢ is finitely represented in X.
{c¢) X is isomorphically finitely transformable in cy
& (d) X is finitely transformable in cp.
(e) 11 is isomorphically finitely represented in X
& (f) 1y is finitely represented in X.

Since (a) < (b) and (e) & (f) are already known ([8], see also (23] and [27}),
we only point out that {c) = (d) follows from (c) = (e) (practically the same
proof of (c¢) = (d) of Proposition 1.1 works) and from (e) = (f) and finally from
(d) = (c) of Proposition 1.1.

The next proposition gives a characterization of the Banach spaces where I, is
finitely represented and those which are finitely transformable in {;. Although
we do not need these two characterizations in this paper, we state them for
completencss (the proof easily follows from the proof of (d) = (c) of Proposition
1.1).

PropPosiTION 1.3: Let X be a Banach space, then:
(a) 1y is finitely represented in X

< (b) Every Banach space is finitely constructible in X.
(¢) X is finitely transformable in [

& (d) X is finitely transformable in every Banach space.
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Remark 1.3: Proposition 1.3 is a kind of finite version of the well-known fact that
every separable Banach space is a quotient of [;. In particular this proposition
corresponds to an analogous property for l.:

l is finitely represented in X & every Banach space is finitely represented
in X7 (since lo contains copies of any separable Banach space).

Proof of Proposition 1.1: (d) = (¢). The first part of our argument is just
a finite-dimensional version of the fact that every separable Banach space is a
quotient space of I;. We consider here a slightly more general situation than
needed; this will be used later in the proof of Proposition 1.3. Recall that {1
is finitely represented in the Banach space X and let W be any space. Fix a
positive integer m and an m-dimensional subspace Z of W. Using Reference
V* of the Introduction, given ¢ > 0 and letting ¢’ be a positive number with
(14 €)1 +me') < 1+¢, we select {w,}_; in Z so that

{wn}n—q is an Auerbach basis of Z and the sequence
(1.1) {wa }N_ 41 is a sequence of elements of norm 1

which is €'-dense in the unit sphere of Z.
By our assumption, there exists a sequence {e,})_, in X which is (1 + &’)-
equivalent to the unit vector basis of [N, Let Y = {3>)_ bre, : SN baw, = 0}.
We claim that
(1.2) span{e, }_, = span{e,}7-, +Y.

Indeed, it is clear that (span{e,}™ ;) NY = {0} and, if m+1 < n < N and
Wy = — 3 ey GkWk, then e, + > ;- axer € Y and hence e, € span{e;}jL; +Y.
Our first step is to prove that {e, +Y }™, is (14¢’)-equivalent to {wy,}7°, (this
fact already gives (a) = (b) of Proposition 1.3).

Let us point out that for any sequence {b, }2_; of numbers, if Z,]:;l bpw, = 0,
then E;V:m_i_l [bn| > “ Zg=m+1 bnwy ) = H S bnwn”. Therefore, if {an}n,
is any given sequence of numbers, then (in the first part we use the norm of X,

in the second part the norm of W):

“ ian(en + Y)“ = inf {H i An€n + i bnen
n=1 n=1 n=1

N
: ;bnwn = 0}

1 . i N N
2 g mf{;|‘1n+bn|+n§+llbnl:;bnwn ~o)

Y

m N
1 m
T o inf{ E lan +by| + ” E brwn|| : _;_ bowy, = 0}
te n=1 n=1 n=1
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1 ) m m
o 1nf{;|an+bn|+”;bnwn

1 m
o
n=1

1+¢
(the last inequality following from the fact that

m m m m
“ Z ApWnp + H Z bpwy || < Z |an + bnl + ” Z b wy,
n=1 n=1 n=1 n=1

On the other hand, suppose that a’ = || Y 1, anwny| and choose m < n’ < N

{bn¥is }

)

m
n=1
such that || 37| anwn — d'wp|| < €'d’. If d'wpr = Y1, ajwy, then, clearly,

a'en — Y ome,anen, €Y and, by (1.2) and (1.1),

[ i(an —a)(en +Y)|| < H i(an —den| < (1+¢) i lan — al|
n=1 n=1 n=1

<(1+¢€)m-max{la, —a,|: 1 <n<m}

m
< (L4 Y (an — af)uwn
n=1

<(1+€)ymed.

=(1+ s')m“ i anWy — @' Wy
n=1
It follows, again, by (1.2} and (1.1}, that
H ian(en + Y)“ < ia;(en + Y)H + H i(an —a,)(en + Y)”
n=1 n=1 n=1
< i a,(en + Y)” + (1 +€")yme'd
n=1

m m
<SS (Socten e[+ e
n=1 n=1

< (1 +&HQ+me)d

which completes the first step (and hence the proof of (a) = (b) of Proposition
1.3).

By dualizing the fact that {e, + Y}, is (1 + ¢€)-equivalent to the Auerbach
basis {wn}™., we get that there exists a sequence {Fy}5, in (X/Y)* which
forms, together with {e, + Y} ,, a biorthogonal system for which

(1.3) |Fall <1+4+€ foralll<n<m.
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Now suppose that W = ¢g and {w,}7; is the natural basis of I2. Let T be
the quotient mapping of X onto X/Y, letef =T*F, € X*for1 <n <m
and put H = (span{e}}".,)r; let S be the quotient mapping of X onto X/H
and, for each n with 1 S n < m, let G, € (X/H)* such that e}, = S*G,, hence
|G|l = || Full; then, since {F,}I" is (1 + ¢)-equivalent to the unit vectors basis
of I7* and since H DY, we get that for every {ai,...,an} €13

m

max{la,|:1<n<m}= max{]e;(z ae))] 11 <n<m}
i=1

Gn<§:aiei+H>, 1< ngm}
<( +E)Hiai€i+l‘]“

<+ Lo +v]

< (14 ¢)?max{la,|: 1 <n<m}

= max{

(1.4)

This completes the proof of the implication (d) = (c); therefore we already have
(a) & (b) = (c) < (d) (since the proof of (b) = (c) is analogous to the proof of
(b) = (a)).

Regarding (e) = (d) we are going to prove, more in general, that: “/; is finitely
constructible in X = l; is finitely represented in X” (hence also {a) < (b) of
Proposition 1.3 will be proved).

Therefore assume that in X, for some subspace U,

{en +U}r, is (1+ 3¢)-equivalent to the natural basis of IT";

then, for each n with 1 < n < m, we can choose e, in e,+U such that ||e, || < 1+¢;
hence for each sequence {an}7—; of numbers it follows that

e S| St < S

Then also (e) = (f) (hence (e) < (f)) holds because, as indicated above, for each
u € U we have that

HZanen—%un > ”zanen+Un > Toe Zlanl > m”Zanen )
n=1 n=1 n=1 n=1

m

= lan| llenll < (1+¢) Z |an|-

n=1
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Finally, regarding (c) = (d), we only recall (see for instance [26], proof of corollary
1.£13, pp. 92-93) that, in the real case, if for a subspace U of X{e/, + U}2_; is
(1+¢)-equivalent to the natural basis of [Z, | there exists {e,}7; in span{e}, }2_,
such that {e, + U}, is (1 + £)-equivalent to the natural basis of I* (precisely
e, are the vectors

! ! ! !
61:el+"'+62m~1_'egm—l_i_l"‘"'“‘eQm,

(1.5)

em=¢€) —€h+ey—€y+ -t ehm_1 — €hm);
now it is sufficient to use the above proof of (¢) = (d); in the complex case the
procedure is analogous.

This completes the proof of Proposition 1.1.

Proof of Proposition 1.3: 'We have already proved (a) = (b) during the proof
of (d) = (c) of Proposition 1.1 and (a) < (b) during the proof of (e) = (d) of
Proposition 1.1; therefore we have only to prove (c) = (d}.

Assume X finitely transformable in {1, consider any Banach space W, fixe > 0
and any finite m-dimensional subspace Z of W. Then we have again (1.1) and,
by our assumption, there exist a subspace V' and a sequence {ex}N_; in X such
that {e, + V}Y_, is (1 + &')-equivalent to the unit vectors basis of 1Y, with
X = span{e, }_, + V; therefore (1.2) becomes

X/V =span{e, + V})_, = Y/V +span{e, + V}i,

with ¥ = {Eivzl bpen : Zgzlbnwn = 0}; that is, setting U = Y +V, X =

span{e,}™ , + U. Moreover, by the first part of the proof of (d) = (c) of
Proposition 1.1, we have that

1 m
H > anwn
1+¢ =

< | Sonten+vy 0177 (| > ot + )

<1+ 3 onvn

for any {a,}™_; of numbers; that is X is finitely transformable in X, which
completes the proof of Proposition 1.3.

Finally we point out the following fact:
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LEMMA 1.1: For each positive integer m there exists another integer M (m) such
that, if {ex}s_ M(m) is the natural basis of zgﬁ“’"), then lgf(m) has an Auerbach
basis {xn}nlz(m) = WM(m)({ek}iZ;m)) which is 2M(™)=3m=3_equivalent to the
2

natural basis of l{

The proof follows from a more general fact of [15], where M(m) is a suit-
able 1nteger such that {z,}2_; Y™ defined by means of the “Walsh-elements” on
{ex}? k:l ™ (analogously to (1.5) where the e, were the “Rademacher elements”
on {e}27 ), is 2M(m)=3m=3_eqyivalent to the natural basis of l%M(m). (Lemma
1.1 has an easy, direct proof which is also valid in the complex case.) In this
paper we wish only to repeat the definition of {z,}2_; M. For each p, k with
1<p< M(m)and 1<k <27 we set

foaM(m)—p
By = > ( then, clearly, Bpx = Bps1,2k-1 + Bpi1,28).
s=(k—1)2M{m)-p41
We start with z; = B11 + Bi and 3 = By 1 — By 2 and we write {xn}%lzl =
Wl({Blyk}f::l), Now we proceed by induction: Suppose that 1 <p < M(m)—1
and {z,}2_, = W,({Bpx}7.,) where, for each n with 1 <n < 27,

2r

n = OpmkBok =Y Opni(Bpr12k-1+ Bps12e)
k=1

with 0y % € {—1,1} for 1 <k < 2P. Then we set

pt1 P
{mn}i=zp+1 = Wp({Bp+l,2k—1 - Bp+1,2k}12c=1)a

that is we set, again for each n with 1 <n < 2P,

Pid
ZTopqn = Zep,n,k (Bp+1,26—1 — Bpt1,2k)-

k=1
Hence Wthave defined {a:n}flgl = Wor1({Bps1k}20y) and, if p = M(m) —
, {zn}isy ™ = WM(m)({ek}L;m)). From this definition it easily follows that
Ty = z:;m On ek, with 0, € {—1,1} for 1 <k < oM(m) for each n with

1 < n < 2M(M): moreover, for each 7/, n” with 1 <n/ #n < 2Mm)
{k}zM(m) _ {k' 2M(m) 1 U{ku}2M(m) 1

with 0y ki = 6,7 1 and 0, v = =0, g for 1 < k < 2M™)=1. from this fact it
is easy to obtain that {xn}%i(lm) is an Auerbach basis of l?:(m). This completes
the proof of Lemma 1.1.
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Remark 1.4: In the next paragraph we shall have to construct, in a Banach
space X where [; is finitely represented, a sequence {V,,} of subspaces of X with
the properties of (4) of the Introduction. We recall that, if X,, is a finite m-
dimensional subspace of X, then A(X,,) < v/m (for a better estimate see [21], an
improvement of previous estimates again of Konig—Tomczak Jaegermann (1990),
Lewis (1988), Konig-Lewis {1987) and Kadec-Snobar (1971)). From this fact
it is easy to obtain (a) of (4) of the Introduction, with the further condition
of Hy < (r{(m))/?; but the essential difficulty lies in the proof of (b) of (4).
Therefore, as we have already said in the Introduction, we shall prefer to start
from (d} = (c) of Proposition 1.1 and afterward we shall use Lemma 1.1.

2. Existence of the M-basis with controlled coeflicients

The next lemma. is obvious and we give its proof only for completeness.

LEMMA 2.1: Let X be a Banach space with the following property: there exist
p > 1 and two positive numbers H and K such that, for any positive integer T,
there exist a subspace X, of X with d(X., 1) < H and a projection P, of X onto
X, with ||P.|| < K. Then, if U is a ¢-codimensional subspace of X with q finite,
for any positive integer m, there is a subspace Uy, of U with d(Up,, 13') < H and
a projection P, : U — U, with ||P,,|| < HK.

Proof: By hypothesis, for any positive integer r, there exists a sequence
{vrn}ne1 so that

X D X, = span{v, n}n—; and there is an isomorphism
21) T, : Xp — I with || T,]| - 1T < H;

' T (vrn) = € for 1 <n < r where {e,}7,_; is the natural basis of I7;
moreover, there is a projection P, : X — X, with | P[] < K.

Let U be a g-codimensional subspace of X with ¢ finite Fix a positive integer
m and set

9(0,9) = 0 and, for each n > 1,g(n,q) = g(n —1,q9) + g +n,

2.2 i
(22) hence g(n, q) = ng + Z k.

k=1
By (2.1) we can choose a subspace Vg of U N Xy 4y With dim Vp(= dimension of

Vo) = g9(m,q)—¢. By (2.2), g(m,q) —{g(m,q)—g—1} = g(L, ), hence by (2.1) we
can set Vo = span{u,} + Vo1 with u; € span{vg(m,q),n}fl(i’lq) and with dim Vg, =
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g(m,q)—q—1 (indeed if Vp = span{wk}i(ﬁm"q where wy, = ZZ(:";’Q) AknVg(m,q),n
for each k with 1 < k < g(m, g)—g, if there exists k(1), with 1 < k(1) < g(m, q)—¢q

and ag(1),g(m.,q) 7 0, we set, for each k with 1 < k(# k(1)) < g(m,q) — q,w}, =
(1)}9(m ,9)—q-1 = {w }g(m 4)—q

Wi = (Gk,g(m,q)/ Ck(1),9(m.q) WKL) hence {w k(;ék (1))=1 is a
sequence of SPan{Vy(m.q)n Faet (m0)=1. the same procedure gives {w }g(m"” =2
in span{vy(m,q)n }g(m’q) 2 and so on, altogether for g(m,q) — ¢ — 1 times). By

the same procedure, since by (2.2)

g(m,q) — {dim Vo1 — g(1,q) — 1} = g(m,q) — {[g(m,q) —q¢—1] — ¢(1,q) — 1}
=9(1,9) +q+2=g(2,q),

9(2, q)
n=g(1

by (2.1) we can set Vo1 = span{uz} + Vp 2 with uz € span{vg(m q),n}
and with dim Vg 2 = ¢g(m,q) — ¢ — 2, and so on.
Proceeding in this way, altogether for m times, we obtain the subspace U, =

span{un, }n—; of Vo, where u, € span{y, m‘I)k}i(ng,((ZEL—l,q)—i—l for 1 <n<m

(that is {un}m, is a block sequence of {vg(m q).n 90m2)y * Therefore by (2.1),
{Ty(m.q)(un) Yoy is a block sequence of {en}2"™9 hence ([25] p. 53) it follows

that span{Tg(m,q)(un)}ne, is isometric to [ and there is a projection P .

lg(m’Q) — span{Ty(m,q)(Un)} 7y With | P || = 1. Setting T/, = Tymqy,, P =
Tg?m’Q) 1"
Up = I with | T | - 1T < H, P is a projection X — Up, with || P, || <

755

HK, P! is a projection U — Uy, with ||P,,|| < || P, |l. This completes the proof
of Lemma 2.1.

P, “Ty(myq) * Py(m,q) and Py, Pml , we have that T/ is an isomorphism

We start with the Banach spaces where [; is finitely represented.
The next lemma improves (d) = (c¢) of Proposition 1.1.

LEMMA 2.2: If l; is finitely represented in a Banach space X, then, for any
finite-dimensional subspace Y of X, X/Y is finitely transformable in c.

Proof: LetY be a finite-dimensional subspace of X; by (e) = (f) of Proposition
1.2 and (d) = (c) of Proposition 1.1 it is sufficient to see that [; is isomorphically
finitely represented in X/Y. Then let U be a subspace of X such that Y +U = X
with Y NU = {0}: since U has finite codimension, by the proof of Lemma 2.1,
I1 is finitely represented in U; on the other hand, since Y has finite dimension,
X/Y and U are isomorphic; hence [; is isomorphically finitely represented in
X/Y, which completes the proof of Lemma 2.2.

LEMMA 2.3: Let X be a Banach space where ; is finitely represented and let
{Yn, y;},?zl be a biorthogonal system of X. Fix ¢ > 0 and a positive integer m.
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Then there exist {zn}1_; in X and {z,}I_; in X* such that (see Lemma 1.1):

{yn, 232, U{zn,z2}T_, is biorthogonal with ||z,|| = 1 and

zr|| <2+4¢e for1<n<T, whereT = 2M(m); moreover, settin,
n ) g

T
Xn { ﬂ x;l} = U( hence X = span{z,}._, + U),{z, + U}I_,
n=1

. —3m— M (m)
is 2M(m)=3m—1 l% .

-equivalent to the natural basis of

Proof: Using Lemma 2.2 and letting ¢’ be a positive number such that 2(1 +
3¢’)? < 2+4¢ and (1+3¢’)? < 2, we can select, for any positive integer R, {u},}2_,
in X and {u*}E_, in X* such that

R
{ul,,ur }E_| is biorthogonal and, setting U’ = X N { m u;;l}
n=1
Q
(2.3) and W' =00 { (YL}, U DY = span{ya}dy,
n=1

hence U' =Y + W' and {u), + U'}R_| is

(1 + &')-equivalent to the natural basis of .

(Indeed by Lemma 2.2 there exists in X/Y a biorthogonal system {u/,+Y, F,,}F_,
such that, setting U" = (X/Y) N {ﬂle Fo b {ul, + VY + U MR is (1 + €)-
equivalent to the natural basis of {2 ; setting now u*(2) = F,(z +Y) for each
z of X and for 1 < n < R, moreover U’ = X N {ﬂle | }, it easily follows
that U’ DY and U” = U’/Y; on the other hand (X/Y)/U" = (X/Y)/(U'/Y)
and X/U’ are isometric, therefore also {u], + U’'}E_, is (1 +¢’)-equivalent to the
natural basis of [£.)

We shall use the following two easy facts:

If {v,}2, is (1 + €’)-equivalent to the natural basis of IY | setting
(2.4) {"}ﬁl:l = {n;c}{c\r:’l U {n;}szl’ we have that {Un;c + Span{vn;’}fvzl}szl

is still (1 + €')-equivalent to the natural basis of lo]\g

(indeed, for any {an;c}i‘;,l of numbers with max{la,, [: 1 <k <N} =1,

N’ N’

1 1"

S | S S B b
k=1 k=1

<1+¢€).
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Moreover, let {v,}2_, be a sequence of X and let {w,}Y_; be any sequence of
any normed space, let V|V’ and V" be subspaces of X such that:

V' 5V > V", moreover {v, + V'}Y_; and {v, + V" }2_, are

n=1

(2.5) H-equivalent to {w,}Y_;:

then {v, + V}_, too is H-equivalent to {w,}Y_,

(indeed, for any {a,}Y_, of numbers,

1 N N N
FIS ] | e v] < [ S 1]
n=1 n=1 n=1

N N
< H Zanvn + V”“ < H” Zanwn
n=1 n=1

Proceeding in this way, since Y has finite dimension, for each fixed positive integer
T, there exists another positive integer R(T) such that, if in (2.3) R = R(T),
then there exists a subsequence of 27" elements of {n}E_,, which we may call

).

{n}2L, without loss of generality, such that the following two properties hold:
(i) Settiag v/, = ¢/, +u, with ¢, €Y and u, € Xn{N"_, v, }for 1 <n <R,
we have that ||y, —y, pl| <€'/T for 1 <n<T.
(ii) For any fixed {a,}Z_; of numbers with max{|a,|: 1 < n < T} =1, there
exist y and y’ in Y, with ||y — ¢’|| < €', such that

T
! /
” E ant, +U
n=1
2T

2T
| ¥ aneris v =] 30 onritryew
n=T+1 n=T+1

)

T T
=D anu, +Y +W'| = H > anul, +y+ W
n=1 n=1

|

2T
IS anerul, vy + W’”
n=T+1

It

(by (2.3) we may assume ||u, || < 2 for 1 <n < R, hence, setting

Q
inf{dist(y, X N {[) v} v € Y[yl =1} = d >0,

n=1

the following holds: In (i), ||y.[| < 2/d for 1 < n < R; in (ii), by our assumptions
the set {Ele apuy, : max{lag] : 1 <k < T} =1, {n}E_; o {nx}I_,} is norm
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bounded by 2T, hence the set of all the possible y,y’ which appear in (ii) is norm
bounded by 2T'/d, since X N {ﬂgzl yr } O W’ now it is sufficient to point out
that T and d do not depend on R). We are going to prove that, setting
T
Up = U, — Upyr and u) =,y for 1 <n < T, U:Xﬂ{ ﬂ“:u}

n=1
Q
(2.6) and W=Un { Dl y;"u_}, if follows that {yn, ¥}, U {un, ui}_,
is biorthogonal, hence U =Y + W, moreover, {u, + U}Z;zl and
{un + W}L_, are, respectively , (1 + &’)-equivalent and
2(1 + ¢')-equivalent to the natural basis of IZ.

By (i) and by the definition of {u,}I_,, X N NS, v} D {un}I_,; moreover,

n=1
by (2.3), by (i) and by the definition of {un,,u}}I_;,
up(n) = Uy = Unyr) = (= Upsr) = (¥ = Voar)) = W ()

forl<mn<T;

hence by (2.3) it follows that {yn, v Y9, U {un,ur}T_, is biorthogonal. Let us
point out that

(2.7) U=U'+span{u,}f 7, and UDWOW

(indeed, for the first one, since by (2.3) {ul,,ulf}E_, is biorthogonal, by the
definitions of {2.6), U = X N {ﬂ::1 uwrl=Xn {ﬂle ul* }+spanf{u }E ..,
50 we may use now the definition of U’ in {2.3); while for the second one, by the
definitions of W in (2.6) and of W' in (2.3), U W =UnN {ﬂgzl ye y={U'+
span{uy }iopy1} N (N2 a1} =W’ + {span{u, }ir 30 N va} o W)
(we assume that the notation A D B includes the case A = B).

By (2.7) and (2.4), {ul, + U}Z_, is (1 + £’)-equivalent to the natural basis of
IT ; on the other hand, since U D U’ DY, by (i)

ul +U = (u, —u — -y +U=u,+U forl<n<T;
n n n+T n n+T

hence {u,+U}I_, too is (14+¢’)-equivalent to the natural basis of {Z,. Therefore,
in order to prove that {u, + W}I_, is 2(1 + 2¢’)-equivalent to the natural basis
of IZ, by (2.5) and by the second relation of (2.7), it is sufficient to check that
{un +W’'YT_ is 2(1 + 2¢')-equivalent to the natural basis of IZ,. Indeed, for any
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fixed {a,, }I_, of numbers with max{|an|: 1 < n < T} =1, using the elements y
and y' of (ii), by (2.3) and by (i) we have that

T 2T T
1
et DT R o PIECEEARE
n=1 n=T+1 n=1

:
= Zanun+U'
1

n=

T T
= {Zanuln'f-W/} — { Zanu;+T+W/}
n=1

T
< H Z antin + W'
n=1

n=1
-{ éan@; i) + W |
:”{ianu’nerJrW’} —{XT:anu’n+T+y'+W'} —{y~v'}
n=1 n=1
- { ian(y;z ~ Yna1) T+ W’} ‘
n=1

|

T
+ \»Zanu;+T+y’+W’
n=1

T
S“ Zanu’n +y+ W
n=1

|+ v -yl
T
|57 an v~ v
n=1
T
:” 7; apu, +U'

T
lly = o/l + | Y onv = i)
n=1

T
+ H Zanu;l_i_:p + U’
n=1

T
<A+e)+ 1+ + () + Y lanl - lgn = vnyrl

, T
<21+4¢€)+€ + % > lanl <2(14¢€) +¢ + €' max{las] : 1 < n < T}
n=1

=2(1 +£') = 2¢/;
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that is

1+€/ < “Zanun+W" < 2(+2¢").
This completes the proof of (2.6).

At this point, according to Lemma 1.1 for T = 2M{™) and setting {z/,}1_, =
Wit(m)({us}i—,), moreover keeping in mind that {mn}zM(m of Lemma 1.1
is an Auerbach basis, by (2.6) we have that there exist {G,}I_; in (X/U)*
T_, in X* such that: span{u,}_;, O {zh}l_;{=z, + U},
and {2/, + W}I_, are, respectively, 2M(m)=3m=3(1 4 ¢’).equivalent and
gM(m)=3m=39(1 1 9¢')-equivalent to the natural basis of IT;{z},z/x}7_; and
{z! +U,G,}T_, are biorthogonal; moreover, for each n with 1 <n <T:

and {zi

<z, +U||<1+¢

1
1+¢ — T 2(1 + 2¢")

< =i+ W <200+ 2¢');277(2) = Galz + U)

for each z of X, ||z)f|| = ||Gnll <1+¢€ and z)¥, DU DY,

By what we have specified above, {yn,yn} _, U{z!,2*}T_, is biorthogonal.
Now the reason for the presence of {u, + W}Z_, in (2.6), and hence that of
{z! + W}T_,, becomes clear: For each n with 1 < n < T there exists wy, in W
such that, setting ., = #/, + wy, (hence x,, + U = z/, + U), we get that

<l Ul = [l + Ul < 125 < 200432,
Therefore, since X N {ﬂ U D W {yn, i}, U {z,, 2 }T_, remains
biorthogonal and {z, + U}Z_, remains 2M(m)=3m=3(1 4 ¢ )-equlvalent to the
natural basis of IT. It is now clear that the introduction of {u, + W}I_, was
necessary in order to get {||z.|/}Z_, to be bounded by 2(1 + 3¢’). Finally,
setting for each n with 1 < n < T,z, = z../||z.|| and z7, = z/*||x.,||, by our
assumption on ¢, the assertion is verified.

This completes the proof of Lemma 2.3.

Passing to the Banach spaces of type > 1, we shall prove an analogous property.

LEMMA 2.4: Let X be a Banach space of type > 1. There exists a positive
integer H such that, for each positive integer m and for each biorthogonal system
{yn,yn}n , of X, we can select {z,}T_; in X and {z}}X_, in X* such that
{yn, y2 Y9, U {@n, 22}, s bzorthogonal with ||z,|| = 1 and |jz}|| < H for
1 < n < T; moreover, setting U = X N {(:_, z*, } (hence X = span{z,}T_; +
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U),{zx}T_; is (1 + 1/2™)-equivalent to the natural basis of I and there exists
a positive number d = d(T'), such that

22m+l 2
roan {25

and for each sequence {a,}L_, of numbers,

T T
dist(Y " an@n, U) > d|| Y anznll-
n=1 n=1

Proof: By Reference IV* of the Introduction (see also Lemma 2.1) there exists
an integer H (which does not depend on {yn}gzl) such that

Q

setting Y = span{yn}g=1 and V=Xn {ﬂ » y;L}

(thus getting X =Y + V), for each positive integer k& we have that:
(2.8) V + Vi + Vo with Vi = span{vg ,}X_,, where {vy,}*_, is

(1 + 1/2%)-equivalent to the natural basis of I¥; moreover, there

exists a projection Qx: V — Vi with ||Qk|| < H/8 and Vo 1 = Qk;

finally, inf{dist(z,Y + Vo): & € Vi with |z|| =1} =4d > 0
(that is, d does not depend on k: Indeed, since Y NV = {0} and Y has finite
dimension, there exists a positive number d' such that, for each v of V and for
each y of Y, dist(v,Y) > d'||v]| and dist(y, V) > d’||y||, hence for each z of Vj we
have that dist(z,Y + Vo i) > &' - dist(z, Vo k) > d'(8/H)||z||). We fix a suitable

positive integer T and, for each positive integer R (which will be better defined
later), two further positive integers T and T, as follows:

22m+1 2 14 T/
} , T'=RT and T =Y [Q+2(i—1)+1].

=1

(29) T> 2m{

Using (2.8) for k =T, (2.9) and Reference IIT* of the Introduction, we can se-
lect 2 € span{vTu,,n}SLl and zi* € X*, with ||z{|| = |lz}]| = 1 = z{*(z}), such
that 7 D Y; by the same procedure we can select =5 € span{szr‘n}iggiz
and zff € X*, with ||zb|| + |lz5]| = 1 = z5(«}) such that 2 € z{| and
zh, D Y + span{z}}; hence, proceeding in this way, by (2.9) we are able to
define

(2.10) {z" }T_, block sequence of {UT”,n}Z;zl such that, for each n

with 1 <n <7, dist(z],,Y + span{m;c}f(;n):l) = ||lz/,|| = 1.
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Moreover, there exists a projection
(2.11) Q V(= span{va,n}Z:l) —span{z, }7_,  with [|Q']| <2

(by (2.8) there is an isomorphism F : Vpv — l%r” with || F|| - [|[F~]
(141/27 )?). We state that, if R (hence T") is sufficiently large, there exists a
partition (see (2.10) and (2.11))

{zn}n_l = {z,}_ U{zn}ti_; " such that, setting X' = span{z,}2_;,
W =Vor + Q' NVpn + span{m -1 " and U +Y + W, there exists
(2.12) {zx}I_, in X* such that {yn, yn}n:1 U{zn,z5}L_, is biorthogonal

T
with l!£;||<Hfor1§n§TandU=Xﬂ{ﬂ:E:J_}

(V=Vp + Vo = span{a,}I_; + Q) NV + Vo v = X' + span{w;l}fll +
QL NVpr + Vo =X '+ W). Indeed, otherwise, for each R there would exist a
subsequence of T’ —T'+1 elements of {"}n—p which, by means of a rearrangement,
we can call {n}T 57+ such that, for each n with 1 <n <T'~T +1,

(2.13) there exist u, € Y,u), € Span{wﬂc};‘:(,#n):l, u, € Q' NV
and u, € Vo, 50 that ||z}, + tn + un + w, +u, || <1/H.

But (2.13) would imply, for a sufficiently large R, the existence of n' and n”,
with 1 < n/,n" <T' —T +1, such that

Uy = Gl 4 vy and wp =a I
(2.14)  with span {Ik}k(;én =1 2 {vp,v, 1} and max{|an|,|a,|} < 1,

moreover with ||uy — wu, || <1/2H

(indeed by (2.13), for each n with 1 < n < T' — T + 1, setting u, =
Zk(l#n)ﬂ n kT, it follows that {1+ Ef(/#n)=l(an,k)2}l/2 < 2|izl, + uhlj (since
by (2.10) and (2.8), {z},}I_, is (1 + 1/2T”) equivalent to the natural basis of 1)
< 4d||z!, + ul, + u,,|| (by (2.11)) < (1/d)||2", + un + u, + u, + u, || (by (2.8))
< 1/dH (by (2.13)); therefore, since in (2.8) d does not depend on k (hence on

T"), if R is sufficiently large (hence T — T + 1 is sufﬁciently large), it would be

easy to verify the existence of a subsequence {n;}_; of {n}, T 77+t such that
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|@n,n,| < § foreach 1 <i#j < T""; finally by (2.13) and by the proof of (2.8)
it would follow that

||un||_d,|fz + up + Ul +u, +U"“<dH for1<n<T -T+1,

hence |jun,|| < 1/d'H for 1 <i < T, where T"" increases with R; therefore, if

1

R (hence T"") is sufficiently large, there would exist n’ and n” of {n;}L, such
that ||un — u,~|| < 1/2H; this completes the proof of (2.14)). From (2.13) and
(2.14) it would follow that

(ery =l 0) +anal v —apman,) + (vpr —vn)
(215) + ('U, —U /I) + un, U N)H
< 2 + 1
H 2H

On the other hand, by (2.13), (2.8), (2.11), (2.10) and (2.14), it also would follow
that

1 2

(@ = 2r) + (@nr s = @ Ts) + (Wnr = V) + (U — ) + (U — )|
> 8/H)|(zhy ~ 2'0) + (@l — apnzhy) + (v — v + (s — 0|
> (4/H)(z7 — i) + (an @ — @@y} + (U — vl
> (4/H)||z7 — apr 2y || > 3/H,

which would contradict (2.15); this means that (2.13) cannot be true for each R,
hence there exists a sufficiently large R for which (2.12) is true.

We go on to verify the last relation of the assertion. By (2.12), (2.8) and (2.11)
we have that:

dist(z, U) = dist(z, Y + span{z, }i_y + QL O Vpr + Vo o)
> 4d - dist(z, span{m;;}g_l + Q' NVypr)

///

> 2d - dist(x, span{xn}n 1)

hence again by (2.12), since by (2.10) and (2.8) {z/,}1_, is (1+1/2T” )-equivalent
to the natural basis of I7', we can conclude that dist(z, U) > d||z||. This, by (2.9)
and (2.12), completes the proof of Lemma 2.4.

At this point we are able to state the following analogous general property.



Vol. 104, 1998 THE BASIS PROBLEM 81

LEMMA 2.5: For every Banach space X there exists an integer H > 3 such that,
for each positive integer m and for each biorthogonal system {yn, y;},‘f:l of X,
there exist {Zm n}.", in X and {z7,, oJEm in X* such that

{yn,y;‘l}ff:l U {zmyn,mfn‘n}g'__’il is biorthogonal with ||z, n]l = 1 and

* Tm
mmnin=1 =

Htm g Um jin n_l} ™ such that, for each z4(# 0) of X,

there exists j(0,m), with 1 < j(0,m) < R,,, such that
2777

Z [t 5(0,my,n (T0)] < lizoll /27
n=1

2y, |l < H for 1 <n < Tpn; moreover ,{Tmn,

Proof: If X has type > 1, by Lemma 2.4 there exists a positive integer H such
that, for each positive integer m, the statement of Lemma 2.4 holds, where we
can set T =T, = 2™R,,, hence

{wmxi}le = {zm,mm:n,n}gm = {{um,jn, v m,] n}2m j'inl,

where now {R,}'/? = {T},/2™}'/? > 22m+1/d. Therefore the first part of our
thesis is satisfied; moreover, for each zq(# 0) of X and for each m, it is sufficient
to verify that there exists (0, m), with 1 < §(0,m) < R,,, such that

for1 <n<2™.

(2.16) |z i(0,m),n{Z0)| <

m,j(0,m

Indeed, otherwise, there would exist, for each j with 1 < j < Ry, n(0,7) such
that |u;, . n(oj)($0)| > ||zoll/2%™; therefore, since {{tm ;. }2e, ]»R’”1 is (1+1/2™)-
equivalent to the natural basis of l = and since, moreover, by the notations of

Tm * * T *
Lemma 2.4, {zo — Y7, T3, o(¥0)z}), ,} € U, where U = X n{(,_, z;,, }, it
would follow that

Rm 27 B, ™
llzoll > dist (ZZum]n(wo Um jns ) > d”ZZumJn To)Um jn
j=1n=1 j=1n=1
R, R /
10> Z[u:n,j,n(xo)ﬁ}”z > S g @}
j=1ln=1 j=1
d 22m+1
S R B

We now pass to the case where [y is finitely represented in X. For a fixed positive
integer m, we use the statement of Lemma 2.3 for € < 1, hence, again, we have
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that

{*Tn’I:L}Z:l = {wm,mwfn,n}ﬁl = {{um,j,m“:n,j,n}i:J?gl

where T = Ty, = 2M™ = 2™ R, with R,, = 2M(m)—m,

Again, for each zo(# 0) of X, it is sufficient to see that there exists 7(0,m) with
1 < j(0,m) < R, such (2.16) holds: Indeed, otherwise there would exist, for
each j with 1 < j < R,,,,n(0, ) such that lum]n ©0,) (@) 2 llzol|/2%™, therefore
by the statement of Lemma 2.3, since {zp — Z:zl z}, o (z0)z), } € U, where

again U = XN {ﬂ:___l z} | }, it would follow that

oM (m) R,, 2™
llzo|| > dist( Z Ty 2 (T0)Zm,n, ) = dist (ZZumJ 2 (@0)Um, j, n,U)
n=1 j=1n=1}
Ry 2m
s vt $3 5 ooz 209 S0l
j=1n=1 7=1

m— llzol - my 2ol
21+3 M(m {R } 22m| 21+3m M(m){zM(m) } oo = 2“130”

This completes the proof of Lemma 2.5.

Remark 2.1: From the proof of Lemma 2.5 we have that, for each sequence
{{ajyn}flzl}f:”‘l of numbers and for each positive number aq, if, for no j(0,m),
2121:1 |a(0,m),n| < a/2™, then it follows that

dlst(izzm:ajnumjn, >>a, whereU:Xﬁ{ﬁmzl}.
j=1ln=1 n=1

We shall use this remark in §4, in the proof of (b) of Proposition 4.1.
Finally, we can state the existence of an M-basis with controlled coefficients.

PROPOSITION 2.1: Every separable Banach space X has a norming M-basis {z,}
with {z,,z}} biorthogonal, ||z,| =1 and ||z}|| < H for each n, where H is an
integer > 3, with the following property:

there is a partition
{x'm n.} {{{um,;l ny U m,] n}z—l} =1 U {vm n?v:n n ngl}oozl
such that, for each m and for each zp(# 0) of X,

2.17
(2.17) there exists 5(0,m), with 1 < j(0,m) < R,,, such that

.
> Nk 0.mym (0] < lloll/27.
n=1
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Proof: Let {w,} be a norming M-basis of X with {w,,w!} biorthogonal. Fix
an integer m > 1 and assume to have already defined

{{us,n, ug, n}n—l U {k n, Uk n}n—l i 11 biorthogonal where, for each
kwith 1<k <m-—1, {uk,n’uk,n}n’;l = {{uk,j,mu’z,j,n} }] 1)
fwenll = 1 and 1w}, | < H for 1 < n < S,

okl = 1 and j|vi || < 3 for 1 <n < Py

the second part of (2.17) for m replaced by & is verified;

2.18
( ) moreover, if X = spa.n{{uJ "}n—l U {v,, n}n 1}] 1

=0 ({5} f (s} o

B*(k) = {{u]’n} Ly U{v} n}n] 1M1, we have that X = X + Wy,
dist(w;, Xz) < 1/2’“ for 1 < j <k and span {B*(k)} D {w

We are then going to define {um n,up, x 35 U {vmn, Uy, W} such that (2 18)
is verified also if m — 1 is replaced by m. This is an inductive procedure since
the construction of the first step (that is (2.18) for m = 1) is only an obvious
simplified version of the construction of the general step.

Note that the construction of {um,n,u;‘mn}ggl with |[tm .l = 1 and |lu, ||
< H for 1 < n < S,,, such that the second part of (2.17) is verified, fol-
lows directly from Lemma 2.5. Consequently {yn,y;}gzl of Lemma 2.5 is now

replaced b Uk n, UF, Sk U Vk,ns U, Pe Am=1 and we proceed to define
P Y k,nfn=1 k:n n=1Jk=1

{vm,n, v}, n}n 1. First there exist {u], n} moin W), = Wy N {ﬂ:ml U:n,fu}
and {v}} ,},=; in X* with |luy, || = 1for 1 <n < Pp{vg, v } , biorthog-
onal and Xﬂ{ﬂ } D Xpm—1+span{um »}5m,, such that for 1 <n < m,

n=1 an_
dist(wn, Xm—1 + span{umx} 37 + span{v;n,n}k’_”l) <1/2™.

If wy, 1sanelementofspan {B*(m-1) U{ymn} lu{vmn . Y weset P, = P!

otherwise we set P, = P’. + 1 and (by [60], p. 39, th. 3) there exists v’ P! €
W, =W! n {ﬂn_l U 1} With ol P | = 1 and wy, (v/ ,/) # 0. In this case
we set
m—1 Sy Py
T A D DR AC T LD SR AC o
k=1 n=1 n=1

Sm P,
DA (RO AN QA (A e YA Cn)
n=1 n=1
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At this point, by Reference IIT* of the Introduction, there exist

’ P, . " % P, *
{vr, "}nTP"+l in W, Nv” oy and A TP in X

with {v], ,, v} P 41 biorthogonal and
P, "
Xn { ﬂ v,’,*wi} D Xm_1 +span{um, . }om, + span{v:n’n}fgl,
n=P, +1
such that [jv;, || = 1 = ||vyy, || for P +1<n<P,,

max{|v5 |:1<n<P,} and P, —P, > P4
Therefore, by Reference IT* of the Introduction, we pass from

{U;n n’v;: n}rljm to {vmn,v m, n} ™, with span {v,, n}

= span{uy, ,},2y,span{v}, Yoy = spanf{vy; )y,

lvmnll =1 and (v, 4|l <3 for 1 <n < Pn.

Setting now X,, = Xm-1 + Span{um,n}igl + span{vm n}f_l, W =
Wi, 0 {0z, v Vot and B*(m) = B*(m — 1) U {u}, ,}37, U {v}, . 117y, we
obtain (2.18) for m instead of m — 1.

Proceeding in this way we define {z,} with }_>°_, X,, dense in span{w,},
hence in X; on the other hand span{z}} D {w}}, therefore {z,} is a norming
M-basis of X; this completes the proof of Proposition 2.1.

3. Existence of the uniformly minimal basis with quasi-fixed brackets
and permutations

Proof of Theorem I: Starting from the norming M-basis {z,} of Proposition 2.1
we shall define a new sequence {y,}, with {yn, ¥} biorthogonal, by means of the
sequence {r,, } of Reference I* of the Introduction and by means of a subsequence
{t(m)} of {m} such that, for each m,

m+1

setting gm = ry(m), We have that span {yn}o= =

n=gm+1
dm+1 qm+1 Im41
(3.1) span{zy ey +1 and span {y: 1= span{z;, M1

moreover ||y, || =1 and ||y;|| < 3H for gm +1 < n < gmyr-

Setting {yn,y2}%., = {zn, 2L}, for m > 0 we proceed by induction: We

suppose we have defined {yn,y%}™, and we are going to define {yn,y} Z’:[I:n 1
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We shall define an integer t(m 4 1) and a partition

Qm+1 Ty(m)+1 Tt(m+1)
{xn}nzqm+1 - {mn}n =Tt(m)+1 U {x”} N=Tt(my41+10
Tt(m)+1—Tt(m)
Te(m41) U Tt(m,4)
with {Clin} "Tt(m)+1+1 {xn}nth(m,i—l)+l

i=1
(where t(m,0) = t(m) + 1, hence t(m + 1) is t(m,1)

for @ = ry(m)+1 — Te(my), so that, writing

te(m,i m r
(3.2) {zn Z’;‘;:ﬂ+1 = {z4,4: U {xn}"f(:";’t(ln,i—l)‘*'l} Hm)+1 " em)

dm+1

we shall define {yn,yp},25} 1 biorthogonal such that,

for each ¢ with 1 <7 < 7ymyq1 — Tt(m),

Tt(m,i) Tt(m,i)

Spa‘n{me+i U {yn}nzrt(m‘iAU«{-]} = Spa‘n{xqm+i U {a:n}n:r;(m,i_l)—f»l}
and span {y; ;U {y:;,};t_i.v;'l;:)m’é_”-}—l}

——
= span{z, ;U {"E:(L}ntg:;::n.i—l)'{'l}.

Again we shall proceed by induction: Fix an integer i with 2 < 4 < rymy41 —
Tt(m) and suppose we have already defined the biorthogonal sequence {yg, +;,
Yo+ tim1 U {yn,yn}r'i’ﬁt:m;lﬁl such that, for each j with 1 < j < i — 1, the
second part of (3.2) is verified; then we are going to define {yg,,+ 5, 1} U
{Yn, y;‘l};';';';;in’i_l) +1 (this is a valid induction procedure because the construction
for ¢ =1 is only an obvious simplified version of the construction for the general

1> 1). Setting

Lm T
Smi = 2m+6Hrt(m,,»_1) we select a sequence {Wm,i,s} sy
Te{m,i-1)+1
(3.3) with Wy, ; s = Z Qi s,nTn for 1 < s < L, ; which is

R=Ty(m,i-1) 1

(1/Sm,;)-dense in the ball of radius S, ; of span {zn}”jt:mlj“L:) 41

We can choose two positive integers, A(m,1) and t(m,1), as follows (we use the
sequences of Proposition 2.1):

A(m, 1) is the first integer > 8HS3 ; such that there exists another integer
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t(m, 1) for which
m,i m,i T, %,
{xn}:;r,(in‘i,l)ﬁﬂ {xmln}n—l UA{Zm.i,0,n fne Oa

(m,i)+Lm,iS;, ;
where {:L'mzn _{{{uf,J h}h 1fj= l}f A(m,i)+1 ’
(3.4) which we rewrite by means of the following partition :

}zf(m"s’c)}Rf(mtsk)}k Lon,i

oy’, and moreover

{{{{Uf(m i,8,k) 5.

such that Tm,i,O > [1 + Tt(m,i—1)+1 — Tt(m,i_l)]44st;J"'iTm‘1

(we point out that T}, ; is determined by S,,; (hence by A(m,i)) and by Ly, ;,
while T, ; o (hence 7y, ;)) is determined by S, ; and T, ;). Set

Lum,i S Rf(m,i,e,k)
T .
’ _ Lgn+i k/2 Z ) )
(3 5) me+”/ - S2 - Z Sm,i u’f(m,’L,S,’C),],l
’ mi . s=1 k=1 j=1

— g2 *
and yg! ;= 5% @)

(hence yg* (v +s) = 1 and an/fy;* 4i = ko for 1 <k < S2 ). More-

over, for each fixed set of indices s,k,j, with 1 < s < L, ;,1 <k < wa- and
1 S] S Rf(m,i,s,k)v we set

Y (maiss k)l = Uf(mois k)1 + Wingis A0 Yo by i1
(3.6) = Uf(mi,s.k),5,1 T BTq,, 4ir While for 2< A < 2/ (mhsk) e set

’ _ . 1% %
Y (maisk)ih = Uf(misk)h A0 Y oo k) ih = Uf(m,is k)jh

Tm PR
(hence, by (3.4) and (3.5), {yg, +i» Ygr 13} Y {¥mins U intnei is biorthogonal).
We set also
(3.7) y:n,i,O,n = Zm,i0,n and y;,i,O,n =T io0n for 1 <n < T,

Yp = T fOr Ty(m i1y +1<n < Tt(m,i=1)+1-

By (3. 3) and (3 6), setting for Te(m,i=1) + 1 <1 < Tiimim1)+1

R ™m,1,
(3.8) y O P A Qs n Y im g0 k) 510 WE have that
r m,t
{qu-H’ qu'H} U {yn’ }"ti""z(:n i-1)+1

is biorthogonal, with

Ry(m,i,s, Lo Tt(m,i—
Span{qu-m U {{{yf(m ,8,k}, 3,1} 4 k)}}c s=1 v {yn}ntirt(mtt:)-f-l}

R m,i,s, m,i m,i—
=span{zq,,+; U {{{“f (m,i,s,k ,J,l} f( k)}k s=1 U {J’n};t;r,(mf:ji)+1}



Vol. 104, 1998 THE BASIS PROBLEM 87

and with

R m, l 8, Lm i
span{qu+, U {{{yf (m,i,s k),g,l} h k)}k

U {y:::}rt.(_m d—1)+1 }

NETy(m,i-1)+1

Rf(m'isk)} Lm,z
k=

"Span{$qm+zu {{{uf(mzsk ,],1} s=1

U {In}z‘in:,:mlz)ji)+l}

Using (3.4), (3 5) and Proposition 2.1, we have that |y, || < 2Tm; and
lvg: yall < HSZ ;, that is {lyy ll - llyex 4]l < 2HS7, ;T 45 moreover by (3.6)
and (3.3), for each set of indices {s,k,j}, with 1 < s < Ly 3,1 <k < 82 ; and
1 < j < Rj(m,i,s,k), We have that [[yf(mwlc il <28m; and Hyf miss.k) Sall <
2HS? ;, that is ||yf(m’hs AWELA |]yf (i) ll < 4HS3, ;; moreover, for a fixed n
with 7¢(m 1) +1 < 1 < Ty(m,i—1)41, Since in (3.3) by Proposition 2.1, [@y i s.n] <
HS,,; for 1 < s < L,,;, by the first part of (3.8) and by what we have just
found above, we have that [[y2*|| < ||zk] + max{|amisn| : 1 < s < Ly} -
ma.x{Hyf (s k) g, 1|| 1<8< Ly, 1<k< 82 and 1 <5 < Rygmis i)} Tmyi <
H+HSp,; 2HS2 T, that is [[g2 1] - il < 4H?S3 i Lmi

Therefore by the last relation of (3.4), by Reference II* of the Introduction and
by what we have just found above, there exists a biorthogonal system

(3.9)

Telm,i—1)+1 T, z o

{yna y;}n:rt(m.i_l)%—l {qu—Ha qu-l—z} U {ym 1,0,n) ym 4,0, n}
with
llynll = 1 and |jypll < 3H for rypm 1) + 1 <1 < rygmim1y41,

llqu+ill =1 and lly;mmll < 3H,||ym,ionll =1 and Hy:n,i,o,n” <3H
for 1 <n <Tp,,ip0;

moreover with

span{{yn};t(':t:mlri)ﬂ U Ygti U {Umiion bnmi”

Te(m,i—1)+1 Tm’LO}

= Span{{yn}nzr;(mli_1)+1 U qu+z U {ym 1,0, n}

and .
Spa‘n{{y;}ntgz;:;l,zti)+l U qu+z U {ym i,0, n} o 1 °
Y Tt(m,i— Tm1
:span{{y; }nirt(mtzti)+l U qu—H U {zym 1,0,n S n=1 °
By the same procedure, by Proposition 2.1, by (3.6) and by the first part of

(3.4), for each set of indices {s,k,j}, with 1 < s < Lp;,1 < k < 52, and
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1 < § < Rf(myisky since f(m,i,s,k) > A(m,i) > 8HS3, ; and ¢

- s ; . misy il
N imi sy, | < 4HS;, ., we can obtain a biorthogonal system

2 (m.iy8.k)

{Yf(moivs k)i Y myi,s k) goh S h=1 with ||y f(m.i,s.k).5.00 = 1
and (Y5 ((m.is.k),5.m) | < 3H for 1 <h < gf(miisk)
(310) 2f(m.i,s,k) ’ of(m,i,e.k)
sPan{ys(m,i,s.k),5,h F he1 = SPAN{ Y} (m.is.k),5h S h=1 and
* of(m,i s k) g ftm,is. k)
Span{yf(m,i,s,k),j,h h=1 = Span{y}*(m,i,s,k),j,h}h=1

Therefore, by (3.4)...(3.10), we have that the second part of (3.2) and also the
last properties of (3.1) are verified. Proceeding in this way up to {yg,.+i,¥;  +iJU
{Yn, yk ;’;”;;Z;J_UH for © = Ty(my+1 — Te(m) and setting gmi1 = Ty(mys) for i =
Ty(m)+1 — Te(m), We have that also the first parts of (3.1) and (3.2) are verified.
Then {y,} is uniformly minimal and we are going to prove that it is also a basis
with quasi-fixed brackets and permutations of X.

Let zo be an element of X with ||zof| = 1, then {m} = {m(k)} U {m/(k)}
(where one of the subsets may be finite or empty) so that, for each k,

\x;m(k)+i(k)(:co)| > 1/an(k)7i(k) for some (k)
with 1 < i(k) < Pymk))+1 = Tt(m(k));
lx;m,(k)-\‘—j(xO)l < 1/572n'(k)‘j for 1 <7 < rypmr (k)41 — Te(m (k))-
We shall consider separately these two subsequences:

Case (A): Suppose that {m(k)} is infinite. Then, in order to simplify notations,
we denote this subsequence by {m} again and we have that for each m there exists
another integer i(m), with 1 < i(m) < ry(m)41 — Te(m), such that

I‘T;m+i(m)(x0)l > 1/572,!)1'(,“) while

(3.11) * o |
!xqm+]~($0)| <1/85,; for i(m) + 1< J < Tyimy+1 — T(m)-

Being with {z,,} uniformly minimal, by the remark after (D2) of the Introduction
there exists a subsequence {m’ } of {m} such that, for each m and for each

m' >m’:
|z} (20)] < 4—m1+—§ for n > gn;  moreover

(3.12) Te(m/)+1 " Te(m) Ty(m! )41 1
Ty, (T0)Tq,0 45 = Z xh (T0)Tn|| < vz

j=i(m'} n=ry(mrytHi(m’)



Vol. 104, 1998 THE BASIS PROBLEM 89

(to verify the second inequality note that by the first part

1
Ha:;m,-l—i(m’) (a:O):Eqm/ +i(m’) H < 4T+2-a

moreover by (3.11) and (3.3)

Te(my+1 " Tt(m?’)
*
H Z mqm/+j(950)$qm1+jH
j=i(m’)+1
Te(m/)+1 " Te(m’)
2
< > 18k,
F=i(m')+1
Te(m/y+1 7 Tt(m?)
'+6 2
= > /(@™ Hrym j-1))
j=i(m)+1
1 < 1
< om’+6 — 2m+6)'

By (3.1) and (3.2) we have that

PyomnyTi(m’) =1 Ty(m/,i(m!)—1)
* *
Z z, (To)zn + Z z, (To)Zn
n=1 =Ty 41+
(3.13)
Ty(me) Fi(m')=~1 Ty(m! i(m!)—~1)
_ * *
= > vn@o)yn + Y Yn(Z0)Yn
n=1 n=rt(m/)+1+1

(elements with indices n such that 7y +1 < 0 < Pynsigm)—1) do not
appear in the sum if i(m’) = 1). Moreover there exists another subsequence of
{m"}, which we call again {m"}, such that for each m,m > m + 2 and, for
each m’ > m’, there exists 2o, € span{xn};tgl'“m’)_”, with ||z — zom| <
1/2™%+4. Therefore, by the properties of the sequence {r,,} of Reference I* of the

Introduction, for each m and for each m’ > m’ we have that:

Ti(m/,i(m/)—1)
. * Tt(m! i(m/)—1)+1
dist (a:o — E Z; (To)Zn, span{:cn}n:mm/)i(m,)_l)%_1
n=1
<llzo - mO,m”
Te(m!,i(m?y—1)

. * Te(m!,i(m’)—1)+1
+ dist (mo,m - E :cn(acg)xn,span{mn}n:rt(m,'i(m,)_l)ﬂ)

n=1
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Ti(m/! i(m’)—1)

<||lzo — zo,m|l + dist (mo,m - Z zh (To)Tn, span{mn}nwt(m,‘i(m,)_l))

n=1

,
0. = S0 477 23 (o)

+
{23(?73' z(m’) 1) (2 + Zrz(ml Ji(m!)—1) H-’E;“)}

Tt(m/,i(m’)-1)

<20 — zo.mll +dist (zo— D" @h(50)Tn, 5PE0{Zn}nsry o))
n=1
Te(m?,i(m’)~1) Te(m!,i(m!)—1)
’ - !
toom = X s {2e (240 S )]
n=1 n=1

2llzo — @o0,ml| + [@0.m — T a5 (w0)n
{2t<m () - 1)(2+z”<'" ) =1) ||z;;||)}
{1 + ot + S il

3 Te(m! vi(m *
{2eemtstm)=n) (24 TR0 o)}
1
2t(m’,i(m’)-1)

<2”.’L‘0 — :L‘(),mH +

<2[|zo — zo,ml| +

1 1
<2m+3 + 2t(m’)+1
1 1 1

<2m+3 + 2m"+1 - 2m+2'

Therefore, by (3.12) and (3.13), for each m and for each m’ > m”, there exists

Te(m/!,i(m/)—1)+1
Wy € spam{zn]»nzrt(m,‘i(m,)_1)+1 such that

To(msyFi(m’) =1 Te(m’ i(m’)—1)
Hwo - { E Yn(zo)yn + Z Yn(zo)yn + 'wm’}”
n=1 nzrt(m;)+l+l
Te(m! i(m!)~1) Te(m’)+1
* *
= on - { g zy(zo)zn + wmr} + E zy (20)Zy
(314) n=1 n:rt(m/)-H(m’)
Te(m!,i(m!)—1) Te(m/)+1

o B ST P S o

=Ty myTi(m')
1

<§m—+l'

We fix m and m’ > m”; our aim is to pick out three indices k(m'),s(m’) and
j(m’), with 1 < k(m') < 82, 1 < s(m') < Ly igny and 1 < j(m!) <

m’,i{(m’)?
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R (mt im),s(mye(m)) > Such that

Ty(mny Fi(m) =1 Te(m! i(m’)~1)
[2o-{ > wedwm+ Y i@
n=1 T”:Tt(m’)+1+1
(3.15) o F(m? i(m),s(m") k(m))
+ Z Y5 (m i(m),s(m) k(m)),3 (m) b (0)*
h=1

1
'yf(m',z'(m'),s(m'),k<m')>,j<m'),h}H < om-
Then, since by (3.11) and (3.12)

1 1

52 <y, pigmn (@o)] < e

m’,i(m')

there exists k(m’) with 2™ < k(m') < 57, .,.,/2™F such that

* 1 1
(316) I{k(ml)|xqml+i(m1)(I0)| - m}’ < W
On the other hand, using (3.14), Proposition 2.1 and (3.3), we have that

Sm’,i(m’) < Sm’,i(m’) .
gm'+4  — om+4

”wm'” < 4H’rt(m’,i(m’)—1) =

therefore, by (3.16), lwm /{k(m)z}  4im)@)H < 27" wmll < S im;
hence, by the first part of (3.14) and by (3.3), there exists another integer s(m'),
with 1 < s(m’) < Ly i(m), such that, by (3.16),

lwmr = k(Mg 4im) (€0) W i(m),s(m)

= k(m)zy, 4imy (®0)]

(3.17) NNwm /{E(M)Z, iy (%0)} = W i) s(m) |
AN 1
< .
Sm’,i(m’) Sm/,i(ml)

Now we consider the fixed index f(m’,i(m’),s(m’), k(m’)) and, for each j with
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1 S] S Rf(m',i(m’),s(m'),k(m’))v by (36) and (310) we have that

of(m! i(m"),s(m”), k(m))

> Y (m i(m?s(m? )k (m)) 7,k (TOVYF (m (), s (m?) k(m)) 5
h=1
of (m! i(m),s(m’),k(m"))
—_— I£3 /
B Z Y ms im),s(m) ()3, (TN () s () Je(m)),
h=1

= {u}(m’,i(m’),s(m’),k(m’)),j,l('TO) + k(m/)mzm,+i(m’)($0)}

AUp (m i(me ), s(m?) k(m?)),5,1 T Wit i(me),s(me) }

of(m/ i(m),s(m’) k(m"))

+ > WS (e i(m),s(m?) (m?)) .k (B0 Uf (m? i) s(m?) k(m?)) gk
h=2

therefore by (2.17) and (3.4) we can choose an integer j(m'), with
1 < j5(m') € Ry i(m?),s(m’) k(m’))» Such that (since ||zo|| = 1)
o f(m! i(m),s(m’) . k(m))

> |UF (e imey,s(me) km ), (m) 0 (Z0)
h=1

< 1/2f(m'»i(m/)’s(m’),k(m')) < 1/2A(m'»i(m/)) < 1/251"«;@')

. . . 88,

(in particular ‘uf(m’,i(m'),s(m’),k(m')),j(m'),l(xO)\ < 1/2%m 5(mn).
Using this fact, and also (3.17), (3.3) and (3.16), we have that

of(m/ i(m’),8(m”),k(m'))

H“’m’ - > Y (me (), s(m?) o(m' ). (') ,h (Z0)
h=1

X yf(m',i(m’),s(m’),k(m')),j(m’),h”

of(m! i(m"),s(m’),k(m'))

5” > U (mi(m),s(m ), k(). (m),h (Z0)
h=1

X ”f(m’,i(m’),s(m’),k(m’)),j(m’),h”
+ N — k(m’)$;m,+i(m')(mo)wm’,i(m’),s(m')u
+ 18 (i), () ()5 (1 (20 W imy,s(m |
+ k(M) 4imey (€0) (i, s(m) k(o)) i m) 1

53 T 1 S?n_’ i(m/! 1 1 N
<127 viemy 4 - + S i) /27 o < oo
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this, by (3.14), completes the proof of {3.15). Concluding case (A) we call again
{m(k)} our subsequence: Then the preceding procedure gives the existence, for
each k, of a permutation

{w(n)}i’;(;;x)“ of {n}f;‘(;;f:)ﬂ, an integer qo,m(x) With gme) + 1

< Qo,m(k) < Gm(k)+1 and a positive number €, — 0 with k,

(3-18) Qm (k) 90,m (k)
such that Hfﬂo - { Z Yn(To)yn + Z ?/;(n)(wo)%(n)}“ < Emk)
n=1 N=qp(x)+1

(the proof of (3.15) indicates that the two facts which determine €/, are (3.14)
and the first relation of (3.12)).

Case (B): Suppose that {m'(k)} is infinite: For each k|zj ’(k)+-7( o) <
1/82 (k). for 1 < j < Pygmr(k))+1 — Te(m(k)), hence by (3.3) we have that

Te(m! (k))+1 Tt(m?! (k))+1

. 1 Tt(m’ (k))+1 1
H Y. zalmo)aa|| < > 2 < T2 R < om' (k)

S
RE=Ty ot (g +1 =Ty ey F1 T RN =Te (s (1)) m'(k),1

and, by the second part of Reference I* of the Introduction, moreover by (3.1),
setting gm = 7y(m) for each m and m'(0) = go = 0, we have that

[o%) I’ (k+1) o0 Q! (k+1)
* .
To = E > z(z0)z E > yn{E0)Yn;
=0n=¢q,,/(x)+1 =0n=¢,,s(xy+1

hence there exists, for each k, a positive number &/ (k) such that

m/ (k)

(3.19) leo= 3" wit@oln

n=1

< E:n’(k) with E m’ (k) - 0 with k.

This completes the case B.
Our aim now is to show that, for each positive integer ¢,

setting q(i) = gg;, there exist a permutation {r( )}Q(’H)

{n}q“H) an integer ¢(0,4) with ¢(i) + 1 < ¢(0,3) < g(i +1) and a

n=q(i)+1’
(3.20) positive number (i) -» 0 with ¢, so that
q(i) q{0,3)

”xo - { Zyn zo)yn+ Y yi(n)(mo)%(m}“ < e(3);

n=q(z)+1
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hence, setting g(0,0) = 0,20 = Y s00 ZZ(O(;(T)?H yﬂ(n)(mo)yw(n)

Suppose then that {m(k)} and {m’(k)} are both infinite; fix a positive integer
i and consider ¢(i) = ¢2;. We have two possibilities:

(a) 27 + 1 = m(k) for some k. Then by (3.18) we have that

g2i+1 qo,m(k)

HIEo —{ Z Yn(T0)yn + Z y;(n) (fﬂo)yw(n)}” < 8/m(k)
n=qai41+1
(@m@ky = g2i+1) and (3.20) holds for ¢(0,i) = qomk and for

0,z i 0,:
{n(m)}A00 = {n}Ee Um0 L

(b) 2i + 1 = m/(k) for some k. In this case, by (3.19) we have that

q(%) q2i+1
oo~ { X v+ > vilao)ua}] < hwy
n=1 n=q(i)+1

hence (3.20) holds for ¢(0,7) = gmk) = @2is1 and for {m( n)}gl(o(;(z)+1 =
{n}it: ,, while if one of the two sequences {m(k)} or {m’(k)} is finite (or
does not appear), there exists a natural number g such that for each i > iy we
have either always (a) or always (b). Therefore setting, for each i,e{i) = s’m(k) if
we are in {a) and (i) = 6171,(,6) if we are in (b), (3.20) is proved; hence, replacing
i by m and ¢(0,1) by ¢’(m), {yn} verifies the definition (D4) of the Introduction;
this completes the proof of Theorem 1.

4. Extension of the M-basis with controlled coefficients

We begin with a property of the Banach spaces of type > 1, which is analogous
to the property of Lemma 2.2.

LEMMA 4.1: Let X be a Banach space of type > 1. Then, for any subspace
Y, X/Y too has type > 1 and there exists an integer K such that the following
two conditions hold:
(a) For each finite codimensional subspace U of X and for each positive
integer m,U = U, + Uy m with U, = span{e,}i,, where {e, + Y}, is

(1 + 1/2™)-equivalent to the natural basis of I*. Moreover, there
exists a projection Q : U/Y — U, /Y with |Q|| < K, such that Uy ,,,/Y =
U/Y)NQ..

(b) For each finite codimensional subspace Yy of Y there exists a finite codi-
mensional subspace Xo of X and an isomorphism T : Xo/Yy — Xo/Y
with ||T|| - |7~ < 22; moreover, for each finite codimensional subspace
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U of Xq and for each positive integer m, we have the same decomposition
U = Un + Up,m with the properties of (a), but where Y is replaced by Yy
and K is replaced by %K (in particular, %QK is independent of Yy, but
depends only on X andY').

Proof: X/Y has type > 1 otherwise {; would be finitely represented in X/Y,
hence in X too, by the same proof of (¢) = (d) of Proposition 1.1. Since (a)
follows from Reference IV* of the Introduction, we go on to prove (b): Let
{wp N, {w2}N_; and {F,}Y_, be sequences of X, X* and (X/Yp)* respectively,
with {wn + Yo}, %—dense in the unit sphere of Y/Yp and, for each n with 1 <
n < N, |Foll =1 = |Jwn + Yo|| = Fn(wn+Y0) = [|w}]], where w)(z) = F,(z+7Yp)
for each x of X. Setting Xo = X N {ﬂgzl w} | }, we claim that there is an
isomorphism T : Xo/Yy — Xo/Y with ||T)l = 1 and ||T7!|| < 2. Indeed, for
each z € Xj and for each y € Y, we have that ||z +y + Yo| > 3|z + Yol (hence
lz + Y| > 3lz + Yoll) because, since Xo/Yy = (X/Yp) N {ﬂf:;l F..}

Iz + Yol > Slly + Yol = 51l = {(z + Yo) — (z +y + Yo) }|
> 2z + Yoll — 15llz +y + Yoll,

that is $llz + y + Yo| > 5lle + Yo|.  Therefore, for each z € Xo,
Zllz+ Yoll < |z + Y| < ||z + Yal|. For the second part of (b), since U is also a
finite codimensional subspace of X, if U = U, +Ug 1, is the decomposition of (a),
if W(€ U) = um{€ Unm) + to,m(€ Uo,m), we have that |fum + Yo < 2jum + Y|
(since Xo D U D Un) < B2K|um + uom + Y| (by (a)) = 2K|u+Y| <
L K|lu+ Y5|; this completes the proof of Lemma 4.1. 1

Coming back to the general case, the next Proposition 4.1 establishes the
extension of M-bases with controlled coefficients of Proposition 2.1. The next
remark explains the reasons for the particular form of Proposition 4.1. The
reader is advised to read the statement of the proposition before turning to the
following.

Remark 4.1: In the proof of Proposition 4.1 two particular devices will appear.
The first one is that, in order to define {v,}, so that property (a) of Proposition
4.1 holds, we shall have to work, for each m, in X/Yp,, where Yg,, is a finite
codimensional subspace of ¥, while if X/Y has type > 1, passing from X/Y to
X/Yy,m the constant K of condition (a) of Lemma 4.1 may change.

On the other hand, K will determine the nature of {v}}, hence in order to
get {wn} uniformly minimal, we need the same K for each Y . Therefore,
instead of working in X/Yg m, we shall work in X§ /Yo m for a suitable finite
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codimensional subspace Xg,, of X; we shall obtain this X, by means of the
same procedure of the proof of condition (b) of Lemma 4.1, in order to have the
same constant 2K for each Yp m.

The second device concerns property {b) of the assertion of Proposition 4.1,
that is the definition of {u,}; in this case, for each m, we shall work in the space
Y +Z,,_1 where Z,,_, is a finite-dimensional subspace of X; the problem is that,
if Y has type > 1 (hence, by Lemma 2.1, if Y + Z,,_; has type > 1), a family C,
of uniformly complemented subspaces of Y + Z,,,_1, does not preserve in general
this property when we consider these subspaces in X. Hence, again we have to
consider, instead of X, a suitable finite codimensional subspace X . of X, such
that C preserves its properties also in X ..

These two devices are the reasons for the presence, for each m, of the sequence
{Um,o,n},?;"l'o, since its aim is to get the desired finite codimensional subspace of
X which ensures achieving the goals of both of these two devices. The reasoning
for (¢) will appear later in Lemma 4.2.

We shall use the following characterization (f) of [54] (p. 499), for an M-basis
{zn} of X with {z,,z}} biorthogonal:

span{z}} is K-norming on X (that is,

llzl| < K -sup{|lz*(z)| : z* € span{z},} and ||z*{| = 1} for each z of X)
(1) & {zn} is K-norming (that is,

l|lz|| < K - sup{dist(z,span{zp}n>m) : 1 < m < 400} for each x of X).
In particular it follows that, if {z,} is 1-norming, dist(z,span{z,}n>m) = [|z||

with m for each x of X.

PROPOSITION 4.1: Let Y be a subspace of a separable Banach space X. Then
there exist an integer H > 4 and a norming M-basis {w,} of X, with {wn,w},}
biorthogonal, ||wy|| =1 and ||w}| < H for each n, such that

{wn} = {un} U {v,} where {u,} is an M-basis of Y;

m P

{u'na ’U,;} = {{{um,j,TH u:n,j,n i:l}fzml U {uO,mvTH ua,m,n}ngl}z-—-l
i

and {v,, 05} = {015 Vim0 Y ari® U H{Umojins Vi jin Yot 1174

* Qo,m
U{UO.m.navo,m,n}nil m=1-
Moreover, the following three properties hold:
(a) For each zo(# 0) of X and for each m there exists an integer j(0,m) with

1 < j(0,m) < T,, such that Ef:l |V, 0:m).a (F0)] < |lzoll /2™ 1.
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(b) For each m and for each zo(# 0) of X, with ZQ’" Vi 0.m (@0)] < llzoll /4,
there exists an integer j(0,m) with 1 < j(0,m) < R,, such that

2™ . -~
Zn:l lu'm,j((),m),n(:co)l < ||x0“/2m 1’
(c) For each m, setting

m Ry 2k

_Yﬂ{ﬂ{{m ﬂukjnj_}m{ﬂuoknl}}}

k=1 j=1n=1
{{{ukJ,n + YOm}z—l} 2 U{uokn + YOm}n 1}ker U {vn + Yom} is a 1-
norming M-basis of X /Yo m.
Proof:

" Let {w},} U{w,} be a norming M-basis of X, with {w,,, w
2
) U {w!, w™*} biorthogonal, such that {w;,} is an M-basis of Y.

Assume that we have already defined, for a fixed integer m > 1,
(4.3)
B(m—-1)=B(m-1)UB (m—1)

biorthogonal with

RS . —
B'(m -1)= {{uk,nvu;,n}nél U {UOYk,anS,k,n Skzl ;n=11

and

T, Y m—
B”(m_l) = {{vk,o,niU;,O,n}g;’{)U{vk,navz,n}nk:lU{vo,k,nava,k,n}gi‘lk 1/?:11’

with
m—1 Qk.0 T Qo.k
n {{ n kOn_L} {nv;,n_L}m{ ﬂvs,k,nl}}DY
k-1 n=1 n=1 n=1

and

YD {{uk n}n-l U {U‘Ok"}n 1 ;Cn 11’

let us fix k with 1 < k < m — 1, then: {wen}, = {{ur;n}2ei %,
T} -

and {vkyn}ngl = {{vk,]n n—l}] lv“uk,ﬂ“ =1 and “u’k,n” < H for 1 S

n < R, lluornll = 1 and [jug, || < 3for1 < n < Py, lvkonl =1

and [[vy oIl < 4 for 1 < n < Qro,llvknll = 1 and llvg Il < H for 1 <
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n < T¢, lvoknll = 1 and Jlug, |l < 4 for 1 < n < Qox; setting Uy =
Ry
span{ug,n},%; and
UO,k = span{uo,k,n}ﬁc;p
Vio = span{vk o}y,

_ T
Vi = span{vk n},.5

and Vo, = span{voyk,n}gi’f,Y =Y, + Yo, with Yy = Z?zl(Uj +Up,;) and

k R; P
Yor =Y 0{ Q{5 f 0L ) e}
Zy, = zk:(Vj,o +V;+ Vo), X = Xj + Xo with Xy =Yy + Zy,
j=1

and

P;

XO,Pm{,@{mum} (s}

n=1 —

4

o (tinnc} o At} {(eini)})

hence Yp r = Y N Xo; then dist(w Y:) < 1/2% and dlst(w X +Y) <
1/2% for 1 < j < k; setting moreover

B*(k) = B/*(k) U B”*(k) with BI*( ) {{u] n}n——l U {U‘O,] n}n—l}]~l

and
B (k) = {vi0n} 20 Ufwln}iiy U {us, 220,

then

span{B*(k)} D {w/}f., U {w}/*}*_;; the properties (a) and

(b) are verified for k; finally there exists {wy%} in X*, with wy'%, D Yo

for each 7, such that, setting F}, (z + Yox) = wj,(z) for each z of X

and for each n,span{F;" } is 1- normmg on X/Y, k, moreover such that
Span{BI*(k) U BII*( - 1)} D { III* 'm
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By (4.2) it is sufficient to prove the existence of

{wy 5} in X* and of {umn, s, n}n~1 U {tt0,m,ns Ug m, Wi U
{vm,O,m Um,O,n}g;nlo U {Um nyUm, n}n—l U {UO m,n; 'UO m n}QO T
biorthogonal, such that (4.3) is verified also if m—1 is replaced by m (we point out
that, for each m, if span{B'* m) U B"* (0o0) (= span{B"™*(m) U {v;,}}) D {w, %},
then {{u;»+Yo ‘m}n_l U{uo,j.n+Yo m}n 1} U {vn+ Yy m} is a 1-norming M-
basis of X/Y¥j,m): This again is the main part of a valid procedure by induction,
since the first step (that is for m = 1) is only an obvious simplified version of
the construction of the general step. The proof is organized in six parts, each
of parts A, B, C, E and F dealing with definitions of the following parts of the
system:
{um ny Uy n}n— (part A), {UO m nUO m, n}n— (part B),
{UmO 7y Upp, On} (part C)> {vmym m,n}nzl (pa'rt E)a
{v0,m,n> V0 m, n}QO T (part F); while part D verifies property (b).
Each part, in its turn, will be developed in several steps.

Part A:

To define {um n, uy,, n}fl_ml we follow step by step the procedure of the definition
of {Umn, U p Sm_ of Proposition 2.1, that is we use Lemma 2.5, only here X
and {yn, y;;}fle of Lemma 2.5 have to be replaced by Y + Z,,_; and by B(m—1),
respectively. In particular (Y + Z,,.1) N (span{B*(m — 1)})1 = Yo m—1, that is
Y+ Zy—1 = Xm-1+Yo,m—1. Then, if Y has type > 1, we can use (2.8) where V
has to be replaced by Yg ;,—1; hence H of (2.8) does not depend on m. However,
if Y does not have type > 1, we can use Lemma 2.3. Therefore, by Remark 2.1,
(4.4)

. R
setting U, = span{um r }, = span{{um jn i:l}fz’"l

and
R, R,
WO,mZ(Y‘l'Zm 1) {ﬂumnj_} Xm—1+Yom— lﬂ{ﬂ mni_}’
n=1 n=1

hence Y + Z,,_1 = Up, + Wy m; then, for each sequence {{am}n_ Bm of
numbers and for each positive number a, if there does not exist J(O,m),
with 1 < j(0,m) < R,,, such that 2121:1 laj0,m),nl < a/2™, it follows that

. Rm 2™
dist (Ej:l 2 n=1 Gjnlim,jn, WO,m) >a
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(where Wy », corresponds to U of Remark 2.1). We have to check that {umwn}f;:'ll
verifies property (b), but this will be possible only later in part D, after the
definition of {vm,o,n}gg{’.

Part B:

Proceeding as in the proof of Proposition 2.1, we proceed to define {ugym,n}f’,’z‘l
and {uff,, n}om, such that ¥ O {uh u }omy and B(m — 1) U {tmn, wfy o }om, U
{0.m,ms UG Pi’l is biorthogonal, with |lug ,, .|| = 1 for 1 < n < P} and
dist(w), Ym—1 + span{{tmn}m U {uh 2 30m ) < 1/2™ for 1 < k < m. We
have to consider wy,, and we point out that (B*(m—1))y = (B”(m~—1))), U{0}.
Suppose that, setting
(4.5)

B (m) = B*(m = 1) U {u}y o} U {0}

and

B (m)), = (B"(m — 1)}y U{tlnpy o Ut gy Yo,

then wl ¢ span{B"*(m)} but w* € span{B’”*(m)ly}, that is there

mly

exists w!™* € span{B""*(m)} such that w’* mly = Wl
hence (wjy — wi*). D Y; then we set P, = P, and we leave aside

m — w"™*; we shall consider it later together with w; and we shall use the

w

same procedure for both of them. While, if wy, ¢ span{B""*(m), }, we set

P}, = Py, +1 and we define uy ,, py €Y and ug,, p, € X* from wy, by means

of the same procedure of Proposition 2.1 for the definition of v/, P and v* P

Finally, if wl € span{B’”*( )}, we again set P}) = P/ . We then pass, from
P

{U0 mmr Uomom b ny 80 {U0,mns UG m, P with VOO {uomn oy, by means of

/*

the same procedure we used in Proposition 2.1 to pass from {v,, ,, vl

P
{'Um,n, vm,'n n=1"

Part C:
We are now going to define {Um,O,n;v:n‘oyn}S:io and we shall do that in the

1to

following five steps.
(C1) In the first step we describe both our starting point and our aim (we use

(4.3)). Set

(4.6) B'(m) = B'(m — 1)U {tmn, W 02y U {00, U i o2y and B (m) =
B (.~ 1) U{t5 123 U {0 Foys X = Xogme1 0 { (2 05, 0 } 0
{nn—l uOan_} and Yo,m = Yo m—lﬂ{ﬂR 1%m nl}n{ﬂ:21 Ul [ =
Yo,m- 1ﬂX0 m; setting moreover UOm—span{uOmn} randY, =Y, +



Vol. 104, 1998 THE BASIS PROBLEM 101

Um + Uo,m, we have that Vi, + Yo =Y and X = Z,, 1 + Yo + Xy, =

Um + X(l)l,m + WO,ma since WO,m = Xm—l + UO,m + YO,m
(by (4.4)). Since we have to satisfy the two devices of Remark 4.1, our aim is to
define a biorthogonal system {vm,0,n, Uy, 0, n}fz‘l‘) with the following properties:
(4.7 B'(m) U B"(m — 1) U {Vmomn,Vmo, n}Q"‘ "’ is Dbiorthogonal with
0 { N Whons} O Yillvmomll = 1 and o0, < 4 for 1 <
n < Qm,0; setting moreover Xg . = Xy . N { ﬂg’"l" Upa0 nJ_} and Vp, o =

spam{vm()n}n~ (hence Xg,,, = Vino + X, and, by (4.6), X = Uy, +
Vin,0 + X4+ Wo,m), for each u € Uy, we have that dist(u, Xg ., + Wom) >
2 dist{u, Wo,m); finally there is an isomorphism T : X ../ Yo,m = X{ ,n/Y
with | - 71| < 2.

The next steps occur in the space X/Yp .

(C2) The second step regards the second device of Remark 4.1; therefore, keep-
ing our mind on (4.4), our aim is to obtain the middle property of (4.7). Going
a moment to the space X/Wj ,,, (where, by last relation of (4.6), Wy ,» D Yom),
we find three sequences {wo m n }=m, of Up, {wg m, oI of X* and {Foma}ir
of (X/Wy,m)*, such that {womn+ Wo m}n"‘l is ——dense in the unit sphere of
Um/Wo,m and, for each n with 1 <n < L,

l|wo,m,n + WO,m” = FO,m.n(wO,m,n + WO,m) = ”FO,m,n” = “wam,n“ =1,

where wg . (2) = Fpmn(z + Wo ) for each z € X. Then

(4.8)
Ly
dist (u, Xg N { ﬂ wg,m,nL} + Woym) > 2 dist(u, Wo,n)  for each u € Uy,
n=1
(since
Loy
diSt(u’ X(l),,m N { ﬂ ws,m,n_l_} + WO,m)
n=1

= dist(u + Wo,m, (X ﬂ{ﬂ Wh,m,nt })/Wom)

n=1
Lm
= dist(u + Wo,m, (X5 n/Wo.m) N {[] Formms})
n=1

9
> fu+ Wonl).

So we have now defined the subspace Xy, N {ﬂﬁgl Wy mnt ) ©f X( s Which
satisfies the middle property of (4.7); but we need to obtain this subspace by
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means of a biorthogonal system {v;, 5 ., Vi o, n} . Then our aim is to define

Uy 0,m ) "‘°1nX m and {v o Q"‘°1nX* suchthat

B'(m)UB"(m—1)U{v,, o, U;;,o,n}ff:io is biorothogonal with
Q.o
N{ ) vroms} DY and [vhon + Yomll = 1for 1 <0 < Qs

n=1
Qo
(a.9)  moreover such that (Xq,, N { ﬂ U oml}) =

n=1

L
(X(’,',m N { ﬂ wg,mym}); hence by (4.8), for each u € U,
dist (u, Xom DN { ﬂ U 0 nl} + Wo,m) > 2 dist(u, Wo,m)-

Coming back to X/Yom, we select three sequences {v;,, 9mo in D, ¢

n=1
Ul 0} 2T in X and {Fly o }ari® in (X/Yo,m)*, such that ||/, 5., +Youmll = 1
and Umon(T) = Flo.(z + Yom) for each z of X and for each n with

1 < n < Q),o, moreover such that {vy, . + YO»W’F’;n,O,n}S:iO is biorthogonal
with (X/YO m) N {ﬂnflo Flont} 2 (Zm-i + Yn)/Yom (hence with

Xn {ﬂn_l Umont) D Zm-1+ Y + Yom = Zpn-1 + Y, therefore the first
part of (4.9) is verified); moreover such that

/YO m = Span{vm 0,n + Yo m}n—l + (X(’)/,m N { n ws,m,nl})/YO,m’

n=1

with (Xg,, m{ﬂn-l U ont N/ Yom(= (X0 m/Yom) 0 {N, moFl onl})
(X{)’mﬂ{ﬂ 2 W moni})/ Yo,m; this last fact 1mphes that X¢ ﬂ{ﬂn_l Vo 0.l
= Xgm;m N {ﬂn_ Wy ot} since X¢' D YOm,{ﬂn_l UmOn_L} > Yo, and
Nk, WG mntt D Wom D Yom; this completes the proof of (4.9).

(C3) The third step regards the first device of Remark 4.1. Precisely, our
aim is to obtain the last property of (4.7): If there already exists an isomor-
phism T & (Xf,p, V{2 03t 0,0 1)/ Yo = (X 0 (N2 Vo )Y with

”T” “T 1” < g y We set Qm[) - QmO and X”I - X” N {nn 1 van_L
Otherwise, following the proof of (b) of Lemma 4.1 (where now Yp and X are
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replaced by Y; ., and by X¢,, N {ﬂn i° vy 0.1 } Tespectively) and by means of

N

the procedure of the first step, we obtain two further sequences {vy, o n}n 290,

in X and {v} ¢, 3”’5, in X* such that

Q.
B/(m)UB”( _1)U{Um0n? :;;On n=i0

with [[v,0., + Yomll =1 for Qo +1<n< Q4 and

is again biorthogonal

Q.o
Xn { ﬂ U 0.m l} D Y; moreover such that, setting
(4.10) n=Q!, o+1

om =Xom N { ﬂ vith,nL}, there is an isomorphism
T : (Xgm/Yom) = (X"' /Y) with |IT]| - [T} < 3.

The aim of the last two steps is to obtain the properties of (4.7), regarding
lvm,0nll and |y, o ol for 1 < n < Quo.

(C4) In the fourth step we continue to work in the space X/ Y5, and, by means
of the preceding procedure and by Reference III* of the Introduction, there exist
{Vino, n}QL""’,, ,in X and {v}; , n}n_Q,, in X* such that B'(m)UB”(m—-1)U

{Vm.0,n Um0, n}Qm * is biorthogonal again w1th Xn {ﬂg"‘c’;; S Upomit DY

moreover now ||v}, o, + Yomll = llogonll = 1 for Qo + 1<n< Qmo and
Qmo = Qo1+ 4max{llvin 0,nl-1Sn<Qm 0}y Then, by means of Reference IT* of

the Introductlon we pass t0 {vy, o, Vo, n}n—l with

Span{vm 0,n + YO m}n 1 = Spa'n{vm 0,n + YD m}gmiov
(4.11) span{v/*) . }3m° = span{v’s o, }orie,

Vmom+Yomll =1 and Jupoall <3 for1<n<Qmpo

(hence B'(m) U B"(m — 1) U {v) o ps Vi }leo continues to be biorthogonal

m,0,n? m 0,n
with X N {N3m° v/ .0} D Y).
(Cs) In the last step we pass from X/Yp , to X and it is sufficient to choose,

for each n with 1 < n < Qmo,Vm g, in Yom such that |[vy, o, + Vm ol <

4/3’ Settlng then Um,0n = ( mOn + U%On)/“vm,o,n + U;:L,,O n” and van =

V10 [t 0.0 + 00 o I, since (span{ B (m)NB"* (m—1)}) L {22 v o1 } D
Yom 2 {vpm o, n}fjf, by (4.9), (4.10) and (4.11) we obtain that all the properties

of (4.7) are verified.
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Part D:

We are now ready to verify the property (b) for {umyn}flgl: For each g, (# 0)
of X, such that the hypothesis of (b) is verified, since by (4.7) X = Up, + Vino +
X0,m + Wo,m, by the last but one property of (4.7) we have that

R:n Qm,O
[lzoll = dist (Z U (@0)Umn + Y Vi 0,0(€0) Um0, X0 m + Wo,m)
7=1 n=1
le Qm,()
> dist ( u;‘n‘n(:ng)umm,X(')ym + Wg,m) - H Z V0.0 (%0)Um,0n
j=1 n=1
R;'n Qm,(]
> dist (3 65 (@0} Umms Xbm + Wom ) = 3 [v0,n(z0)]
3=1 n=1
R,
> dist (3 w5 (20)ttm.ms X g + Woum) = llaoll/4,
i=1
that is
4 B
loll >  dist (' w0ty X + Wo )
i=1
R’
19 . /x,
> =10 dist ( umm(wo)um,n, W01m>
i=1
1 i
>3 dist (Z Uy, o (20)Um,ns Wo‘m).
i=1

We claim that there exists (0, m) such that Zf;l U j0,m) Axo)| < llzoll/2m71
= 2||zo]|/2™; indeed, if this were not so, by what we have just found, by (4.4) for
a = 2||zo|| and for {{a;jn ,2;1}?;"1 = {{ujn,j’n(xo)}izl}f:ml, it would follow that

RI
1. = 1
Iwoll > 5 dist (Dt (@0}t Woin ) > 52zl = ol
i=1
Part E:
Going on to define {vmn, U, zgl, we are in a situation analogous to the

situation of the definition of {um,n,u;,n}f’;l. Hence we follow again the pro-
cedure of the proof of Proposition 2.1, that is we use Lemma 2.5; only now
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X, span{y,}%_, and X N {ﬂn LYn } of Lemma 2.5 are replaced by X/Yp m,
(Zm-1 + Ym + Vin0)/ Yom and X .,/ Yo,m, respectively.

In particular, if X/Y has type > 1, by the last part of (4.7), we can use (b)
of Lemma 4.1 where (in order to use a formula analogous to (2.8), see also the
statement of Lemma 2.4) we can replace 22K by means of (2H)/8 and we can
suppose %H > 3; in particular this number H does not depend on m. Then we
proceed in two steps:

(E1) In the first step we are in X/YOm and we can define {v

m, n}n—l in

Xp s Vi ”“1 in X* and {Fp, n} myin (X/Yo,m)*, Wlth the following proper-
ties: {vmn+Y0 ms Fm n} ™. is biorthogonal with {v], n}n 1= HVmjm 21}}1’:"1
and, for each n with 1 < n < T, v (2) = Fpalz + Yom) for each 2 of
X, |V + Yomll = 1 and
3 e
o all = 1 Fmnll < SH3 (X/Youm) 0{ () Froni } O {Zim—1 + Y+ Vino}/ Youm
n=1
(hence X N {ﬂn_l Vw1 } D Zm—1 + Vi +Y); for each zo(# 0) of X, there
exists (0, m) with 1 < 5(0,m) < T,, such that Zn—l |Fn,;(m, 0,n)(z0 + Yo,m)|
(< lro + Yom|l/2™ if g ¢ Yo.m and otherwise = 0) < ||xol|/2™.
(E2) In the second step we pass to the space X and it is sufficient to choose, for
each n with 1 <n < T), (see the preceding procedure for {v, k}Q"‘ “H,v
in v}, , + Yo m such that [, .|| < (4/3)||v}, , +Yo,ml| = 4/3; then we set vmm =
U/ Vi ol @and v}, = w3 vy, o |l; therefore, by what we have specified above,
[vmnll = 1 and |jv}, || < H (with H >4)for1 <n<T. ;B (m)uU B”( -1y

{Vm,0,n: u:n,o’n}f';;’ U {vm,n, v My n} ™. is biorthogonal with X N {ﬂn 1V, M )

Y'; moreover {a) is verified since, for each xo(# 0) of X, there exists j(0, m) with
1 < 5(0,m) < Ty, such that

2m 2m
> 10 imoyn @ = D MV im0yl Vi 5m.0).m ()]
n=1 n=1

2™ 2™
4 * 4 “‘7"0“
<3 > W smoym(T0)| = 3 > | Fm im0y (@0 + Yom)| < o
=1 n=1
Part I:
Finally we go on to define {vo,m,n, V5 m, n}QO " and {w;,%,}, again proceeding

in four steps:
(F1) The first step is in X/Yp,, and, setting span{vy, n}n—l = V., the pro-

cedure indicated above gives {UOmn}QO’" in X and {vomn}QQ"‘ in X* with
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||v0mn+Y0m|| =1for 1 <n < Qs B(mM)UB"(m=1)U{tm0m Vi onheri®U

Q » m
{Um ‘mUm n} =1 U {'UOmn’vOm n iy blorthogonal Xn {nggl vOm nJ_} oY
and

dist(wy + Yom, (Zm-1+Ym + Vino + Vi )/Y0m+span{v0mn+Y0m}Q°m):

dist(wy, Zm—1+ Vino + Vin + span{v(')ym,n}gi'{" +Y)<1/2™ for1 <k <m.

(F2) The second step is in X and let {F}/} be a sequence of (X/Yy,,)* such
that span{F,. .} is 1-norming on X/Yy ; setting w;.%, (x) = Fy (2 + Yo,m) for

1%

each z of X and for each n, we have that w” |

») Yo,m for each n. Working in
X, the same procedure of Proposition 2.1, for the definition of {v, p., v pr },

Qll,m Q”m
ni%m in X and {vg',, n}noQ, L in X*, with Qf ,, < Qf,, <

Qom + 2m + 1, such that B'(m) U B'(m — 1) U {umo,n,v mOH}Q"’O

T Q. .
UH{vmm, Vnntnms U AVmns Yoimon fnat is  biorthogonal, with

XN {ﬂs_o_.g, 1Ymal} DY and with |]v0,m atYom|=1forQp,, +1<n<

defines {v ., .}

Q0,m; moreover so that span{{B’*( JUB"™ (m~1)U{v;, o, n}Q"‘ " U{og, n}n”‘l U

{v6m, n}Q‘ T} D {wiir(U(wly — wii*) if in the case of (4.5)) }U{{wj»}nq1}7t,

In order to verify the last relation of (4.3), for m instead of m — 1, it is suf-
ficient to check that, for each ﬁxed k with 1 <k < m —1 and for each n w1th
1 < n < mwy € span{{B™~(k) U B"™(m - 1) U {vaH}Q"‘O U {vmn ™, U
{6 mm Q° 21} (since till now we only know that this formula holds if B"*(k)

is replaced by B’*(m)). For this, setting w}c",*L = wﬂ”,jn + wg”,’:n with w’l”,’;,n €

¥ * Qm .
Spa‘n{{B, (k) U B”*(m - 1) U {”m,o,n}nzlo U {Um n}n_l U { Omn n=1 }} and
. R, .
with wy'y € span{{u},},2; U {ug n}f’ 1} 7% k41, it is sufficient to check that
wy'x . = 0: Indeed wy's, D Yok by the definition of {wy'n} and i}, O YO k

too by the definition of w}’; ., hence we have that w3’y .\ > Yo.x D {{u;, n}n_l U
{w0,5,n }rr }Pps1, Which implies that i’y | = 0.

(F3) In the third step we come back to the space X/Ypm and,
by References III* and II* of the Introduction, we can pass, from
{v0,m, n,UOmn}gE{", at first to {vOmn,UOmn}Q‘“" with B’(m) u B"(m — 1)U
{Vm,0,n, Um0, n}Q’" U {Umn Ui tn21 Y {Y0,m om0 V0rm, n}QO ™ biorthogonal and

with X N {ﬂQ° '",, 41 Umns )t DY, such that [lvg o + Yomll =1 = [
for QO,m +1<n S QO,m and QO - > Ql! 4ma.x{”?fe - ISRSQo,m}; then

/
we pass to {vg m ny Vo, n}Q" 7 with span{v0 mm T Yo, m}QO " = span{vg , , +
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Yo,m}gi'{“ and span{vg¥, gﬂ"‘ = span{ vy, n}gii" , such that, for each n with
1 <1 < Qo [[v0,m,n + Yomll = 1 and {lugn il <3.

(F4) In the last step we pass to the space X choosing vy, , in vg ,,, » + Yom
such that ||vg,, || < 4/3 and setting vo,m,n = vg7m7n/||v6’7m’n|| and 5, , =

1%

UO,m n

1v6 mnll for 1 < m < Qom.. This completes the proof of Proposition 4.1.

The next lemma concerns a property of the norming M-bases of the preceding
kind and it provides the third and last device necessary for the proof of Theorem
I1. Moreover, the reason for part (c) of Proposition 4.1 becomes clear. Practically,
this lemma improves the properties of the sequence {r,,} of Reference I* of the
Introduction.

LEMMA 4.2: Let {z,} = {z,,} U {zl/} be an M-basis of X, with {z,,z}} =
{zl, ¥} u{z}, x>} biorthogonal, ||z,| =1 and ||z},|| < H for each n; moreover
{z!,} is an M-basis of a subspace Y of X and there ex1sts a subsequence {r! }
of {m} such that, for each m, setting Yo, =Y N {ﬂn_l iy bz, + YO,m};:'il U
{z!! + Yo m} is a I-norming M-basis of XYy 1.

Then there exists a subsequence {ry,} of r,,} such that: If zy is an element of
X such that there exists an increasing sequence {t(m)} of positive integers, with

2‘;’::(“:)4_1 |z (zo)| — 0 with m, it follows that

Tt(m)

dist (z¢ — Z [z (zo)xl, + T (z0) 0], span{z;};*:;:::)“) —0 withm

n=1

(that is, for each m, the elements x, for ry(m)+1 < 1 < 7y(my41 are not necessary
for this approximation).

Proof: We begin by claiming that there exists an increasing sequence {p(m)} of
positive integers such that,

for each m and for each z of span {z,, 2/},

(4.12) | dist(z, span{{z7, }n>r;, U {25 }n>rs +p(m)})
— dist(a, span{z!, 132l < ol /{27 (1 vt H).

n=1"

Indeed fix m, z of the unit sphere of span{z/,, z/, :" ™, and set
a=1/{2" (1 +r, H)}

since {z],+Y, m} ™ U{x!t+Yp,m} is 1-norming, by (4.1) there is an integer p(m) =
p(m, z) such that | dist(z+ Yo, m, span{z), + Yo,m }n>r +p(m)) — 12+ Yom|l| < a/2,
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that is | dist(z, span{z;, }n>r 4p(m) + Yo,m) — dist(z, Yo.m)|) < a/2; moreover, we
can also choose p(m) such that

| dist(z, Yo m) — dist(z, span{z], Tﬁjp(ﬂ )| < a/2;

hence we conclude that

dist J;,span{{ccgz}nw;n U {xg}nw;ﬁp(m)})

7, +p(m) )

(
<dist(z,span{z,},7 ")
< dist(z, Yo,m) +a/2
(
(

< dist{z, Span{m,ri}n>r£n+z7(m) + YO,m) ta

=dist(z, Span{{m;}n>r;n U {z;;}n>rin+l7(m)}) +a

since span{z/,z”} '™, has finite dimension, it is possible to choose p(m)

independent of =, which completes the proof of (4.12). By (4.12), setting
ry=7r,re = r’1+p(l),r3 = T21+p(1))+p(1+p(1)) and so on, we have that

! "
for each m and for. each z of span {z,,, z;,

(4.13) | dist(z, Span{{wn}n>rm U {mn n>rm+1})
— dist(z, span{z 7 )| < 2l A2 (1 + ).

n=1

If zog € X, such that the hypothesis of the lemma is verified, we can assume
that Z;‘gt(:) +1 |20 (zo)] < 1/2™ for each m; now it is sufficient to prove that
there exists another increasing sequence {s(m)} of positive integers such that, for

each m,
Tt(s(m))

on - { Z (¥ (zo) ), + Tt (z0)2y] + Um}“ <1/2m

Tt(s(m))+1

n=regatmy 1" Then we set

with v,, € span{z,},

Ti(m)+1
zo =’ + " with " _5_ E T (zo) T,
m=1 n-rt(m)+l

(4.14)

hence z;*(z') = 0 for ry(mm) +1 < 1 < 1y(m)41 for each m.

There exists then a subsequence {s(m)} of {m} such that, for each m,
(i) there exists @} ,, in span{z},, z } U\ with ||a’ — 2§ [ < 1/2™3;
(ii) 250 > max{1, ||lz’||}2™+4;
(iii) ||z — Ag|| < 1/2™+" with Ay = 51 Z;‘i"r);;)ﬂ z*(zo)zh (by (4.14)).
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By (4.14) it also follows, for each m, that, setting

Tt(s(m))
1% e IN M
A=) e, + ot (@)en)]
n=1
Tt(s(m)) T(s(m))+1
— E: ’*(.’L‘ :L‘ + 2: m-
'",_
(4.15) Te(s(m)) Te(1) s(m)=1  Tir+n)
— Z :1: +§ ::L'"* 3://_'_ Z § : a::i*(x/)mz
n=1 k=1 n=ryg)p1+l
Tt(s(m)) TH(1) s(m)—1  Tek41)
% ’ //* " " 7
= E Tn (iL‘()).’En+ § :xn .’L‘ + § : E : iL'n*(.'Eo).’En,
n=1 n=1 =1 n=ryr)41tl

we have that

Tt(s(m))

> (el (zo)z, + 2 (so)eh] = Ay + Aoy

n=1

dist(z’ — A, Span{{xiz}n>n(s(m)) U {mz}n>n(s(m))+x H=0

(the first relation follows from the definition of A, and from the last equality
in the definition of A;; the second relation follows from the first equality in the
definition of A; and from the fact that ||z} || < H for each n; the third relation
follows from the second equality in the definition of A4;). We claim that

1

. T s(m
(4.16) dist(zg,,, — A1,span{zy}, 0" L)) < om+2

n=Ty(a(m)) +1

Indeed, xp ,,, — A1 € span{zy,z, 7™ hence, by (4.13) (when z is replaced by
m — A1 and m is replaced by t( (m))),

Tt(a(m))+1 ))
BETy(s(my) T1

< {dist(zgm — Az span{{z7 }nsriyimy Y {Zn nsrigoimpysa D
+{ll2hm — Arll/[2CTDFNL 4y my) H))
< {llzt,m — &'ll + dist(z’ — A, span{{zy, }nsryymy U {20 tn>rugamy D}
{5, — /25T (Lt 1y oy H)] + | = A [/ 27D (L4 gy H)IY
< {||z5 m — «’[|}(by the third relation of (4.15))
F{l|z m — &'1|/24™D + ||’||/2™)} (by the second relation of (4.15))

. sy 1 1 1 1
< (by (i) and (ii), since t(s(m)) > s(m) > m+4)—— SF3 + ZTE + S

dist(zg ,,, — A1,span{z;}
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By (4.16) there exists vy, € span{x;t}:j_fr(:?:zxﬁl such that ||z ,,, — (A1 4+ vm)|| <

1/2™%2; therefore we can conclude that

Tt(s(m))

20— { 3 o @oa + ot (@o)ar] + v } || = " = 42} + {&' (A1 +vm)}
n=1
(by the first relation of (4.15) )

< 2" = Aol +|Iz" = 26l + 120,m — (A1 + vm)l

< (by (i) and (ii), moreover by what we have specified above) 1/2m+! +1/2m+3 4
1/2™+2 < 1/2™. This completes the proof of Lemma 4.2.

5. Extension of the uniformly minimal basis with quasi-fixed brackets
and permutations

Proof of Theorem II: We start from the M-basis {w,} of Proposition 4.1.

We shall define two new sequences {y,} and {z,}, with {yn,yi} U {zn, 25}
biorthogonal, such that {y,} is a block perturbation of {u,} and {yn,y5} U
{zn, 2%} is a block perturbation of {un,uX} U {v,,v}}; we mean that there will
be an increasing sequence {g,} of positive integers such that, for each m,

span{yn Zﬂl;lmﬂ = span{un}fl";g;ﬂ,
(5.1) span{yn, zn faett 1 = span{un, v fant! |1,

dm+1 gm+1
span{yn, Zpln= gm+1 _Span{un’ Un n=g¢m-+1-

Setting {yn,yx}® ; = {ui,ul} and {zn,2;}1°, = {v1,v{}, by induction we
suppose to have defined, for some m > 0, {yn,y5} o7, U {zn, 22}, and we are
going to define {y,,y* Z’:h‘n +1 Y {zn, 2 i’;;‘m +1- Unlike the proof of Theorem

1, we do not start from the sequence {r,,} of Reference I* of the Introduction,

but we prefer to directly define this sequence during the construction.
(5.2)
There exists an integer r,, o such that

(i) for each z of span{un, v, }¥7; = span{yn, 2, }or;,
| dist(z, span{un, Vn }n>q,, ) — dist{z, span{{un}n_qu U {vn n_qm+1})\
<ll=ll/{2™(2 + 2gmH)};

(ii) for each z of span{u, }i™,

| dist(z, 5pan{tin}nsq., ) — dist(, span{un s, 1)| < [lzll/{27(2 + gmH)}.



Vol. 104, 1998 THE BASIS PROBLEM 111

We start with the elements y,: Fix ¢ with 1 <4 <1y, § —¢m and assume to have
already defined the biorthogonal system

o .
{{qu-f-j’y;m—i-j} U {ymy; nz’;;n'j_ﬁ.l ;=11§

then we are going to define a biorthogonal system

{me+Z7 qu+l} U {yn’y‘ﬂ n=r’ ,i—1+1

(the same definition works also for the first step, that is for 4+ = 1). With the
{w,} norming, by Reference I* of the Introduction, by-(c) of Proposition 4.1 and
by the proof of (4.13), there exists an integer 7}, ; ; > 1. ;_, such that

(5.3)

(i) for each z of span{{un sty {o, 107 ), | dist(z, span{{un}n>r .

m,i,0 = "m,i—

-1

U{vn}n>r;n’i,0}) dist(z, span{un, n'"r“’ 1+1)|
< flzll/{2™H 1+ H(T;ni 1+ am)l}

(i) for each z of spa.n{un} 17t | dist(z, span{un } s

)

m,i—1

— dist(z, span{u, } "”0” 1+1)|

We point out that, from (5.2) and (5.3), it follows that we have both the
properties of (4.13) and the properties of the sequence {r,} of Reference I*
of the Introduction. Then setting

Spni = 2mte (r;n’i_l + gm), we choose a sequence

1
m,t,0

{wy, ;. s}sfl‘, with w, ; ;= Z Gm.iysnln
(5.4) el 41

for 1 <s < L, ;, which is (1/S], ;)-dense in the

r

mlO

n—r e 1

ball of radius S, ; of span {u,}
Choose now two positive integers A'(m, i) and 7, ; as follows:

let A’(m,1) denote the first integer > 8H - se

m,i?

such that there exists another integer r,, ;,

such that the following properties hold:
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’
(a) {“n}:;;;n = {“0mzn}n—1 U {©0,m,i,0,n}n mzo

Ty s "(m)+ L, -Si2
{uom,intnti = {{{ussn n—l} }f Al(m, ,)+1

5.5 F(m.ii5.k) S Rim,is
(5.5) = {8ty g o Y Ry omy L
2 13 7
and Ty, 50 > (147750 = Ton i1 )JAH ST

Qs oy A (myi)+LI, s;j‘,.
(b) {Un}n>qm o {{'UfON} fo}f =A'(m, z)+1

(we use sequence {{uy,;, n}n_l}] ZiU{vsom n—1 . of Proposition 4.1). We then set

i S Ri(m,i,s,k)

Ygmeti = Ugmti/ S Z E S,z D Umisk)ia

s=1 k=1 "~ mi j=1

and
VEs Q2 * .
Yom+1 = Sm,iuqm i

moreover, for each set of indices {k,s,5}, with 1 < k < S,

1<s< L,

and 1 S -7 S Rf(m;":vs)k)’ we set ylf( = uf(m,i,s,k),j,l + w;n:iys and

m,i,s,k),j,l
% — * .
Yfimisk)gd = Uf(misk)ga T K Ug, i While

1 _ . 1% Lk
Y(miysk)im = Uf(misk)gn 804 Yrin s k) in = Uf(mi,s k)b

for2<n< 2f(m,iys,k);
(56) ’ __ . d Ik %
Y0,m,i,0,n = Y0,m,i,0,n AL Y0,m,i,0,n = %0,m,i,0,n

for 1 S n S T'r’n,i,O;

while y, = up forrl,, ;+1<n<r By (5.4) and (5.6), by means of a

m,i,0°
formula analogous to (3.8), there exists

r
m,i,0

fyhmee HmmeuWWHHw¢HW%MmTJ
TI
such that {yq +,aqu+z} U {yna 1110 i+l U {yOmznayOmz n mf is

mtO

biorthogonal with span{yq + U {yy nepr 41U {Yorm.im n—l}

sz

= span{ug_4; U {u, ner 419 {us,m,i,n}n=i

Proceeding as in Theorem I, through {3.9) up to (3.10), we pass from

7 ’
7 7% ’ 1% Tm,i * *\Tm,i
{qu+i’ qu+i} U {yn7 Yn n=r] ._,+1 to {qu+iaqu+i} U {yna Yn n=r] . ,+1
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with ||yg,.4:ll = 1 and ||y} il < 3H, |lynll =1 and |ly;|| <3H for r7,;_; +1 <
n < 1y, ;- Proceeding in this way up to ¢ = Trm.0 — @m and setting

g = T, 1O & =17, o — gm we have that:

i v
(5.7) spaun{yn}n_’:l’m = span{un}n_’;’m 41 and
I/I
m 0

Span{yn}n_qm+1 - Spa'n{un n=gm-+1-

We give an analogous construction for the elements z,:
At first we pass from 7/, o to 7y, o such that (see (b) of (5.5))

Yn = up and y;, = uj, for 7, +1<n<rm0,

(5.8) .
Q A'(m)+ L, e 0—dm

{v"}n—qmﬂ D {{{vsonln ”}f A ()41 “hIy T

Again we proceed by induction and we only describe the general step. That is, fix
i with 1 <4 <77 5 — gm and suppose we have already defined the biorthogonal

,”

* 1 m,j T::t
system {{zq,,+5, 25, +;} Y {¥n, ¥ _’:”_ LY iz, 2, n_f{ 0 1}] 1, then we
are going to define a biorthogonal system {zg, 14,25 4} U {ymyn o Y
™ m,z'—l

{zn,z;}n';’;,, 41 (again the construction works also for the first step, that is
for 1 =1).

H M 1 "
There exists an integer ,,, ; o > T, ;_; such that,

for each z of span {{un} ity {Un};n;.i—l}’
(5.9) | dist(z, span{{un}tnsrr . Uf{vnlnser 1)

- myi—1

—dist(z,span{{un}, "0 ) U{vn "”"v DI lll/A2™ @+ Hrp 1)}

Setting
Spi= 2m+7H7'm i—1, we choose a sequence
im0
1 Ll'r:l i
wm,i,s}s=i , with ’wm is = E (bm,i,s,nun + Cm,i,s‘nvn)
n=r’’ +1
(5.10) N

for1<s<L/

m,:)

which is (1 /Sy, ;)-dense in the ball of

radius S, ; of span {{un} i LY {m}, Tm.0 +1}
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After, we choose two integers A”(m,4) and ry, ; as follows:

A”(m, i) is the first integer > 8H - 572, such that

there exists another integer r,,, ; such that

{'Un};::./l ; {'UO m,i 'n.}n_,l U {UO m,i,0 n} T, 1 0
(511) / )+L” S”2>
{UO m,i n}nr_n’1 - {{{vfd "} 1} }f A” (m 1.)+l ™

= ({Usmasiran YL i
(m,i,8,k),j,n

17 " 4qH?8"3 1!
and Ty, ;0> (1470 0 = Tpim1)47 Tmitms

ST -
(we use the sequences {{vy ;n}5_,};L, of Proposition 4.1). Then we set
L::; i S”2 Tf(mj,s,kX

7 II2
gm+i = Vg +i/ Srm, Z Z Z Uf(m,i,8.k),4,1

s=1 k=1 mvl =1

z

1% 112 . . .
and z;5 ;= S, 3 L;; moreover, for each set of indices

{kys,5}, with 1 <k < Sp2,1<s< Ly and 1< < Tiimisk)
We St Zf(m ;o k) 1 = Vf(misk) g1 T Winis 80 Z5(m ;0 k) 51
(5.12) = Vmisk)sl T K Vgnugio While Zpim i o by 5 = Vf (mois k) din

' ,4,8,k).
and 2 i o k)im = Vh(maisk) g T 2 S 1 < 2 (RE00);

! — . 1% ok " R
20,m,i,0,n — Y0,m,i,0,n and 20,m,i,0,n = Y0,m,i,0n for1<n< Tm,i,m

2l = wp for it .1+ 1< n <1y s finally

m, i—
! t 1" 1% * i 1
Y, =up forry, , ;+1<n<ryand yy =uy forrp o +1<n < e

By (5.10) and (5.12), by means of a formula analogous to (3.8), there exists

{vix "m0 Vi i , in X* such that

"
n=r ‘Ll+

1 //
{Ztl)m+i’ zt’;:;-%—z} U {yna Yn o t’? U {Z"’ n o 1:,;—1"“

1
m,i

T« 1 .
U{2 1 im> Z0im,im tnmy is biorthogonal, with

7

l1 ™o, me
span{z, U {yn T U{Z/* n_ro U{zOmzn n=11 =



Vol. 104, 1998 THE BASIS PROBLEM 115

I’ l/ TII
Span{vq +1 U {’U. nyi; " U {’U ntl"l" 3 ot U {vs,m,i,n n_l }

Proceeding as for Theorem I, from (3.8) to (3.9), by (5.10), (5.11) and (5.12) we
obtain that

mzi

indices {s,k,5} with 1 <k < Sp2;,1<s< Ly and 1< j < Timie k),

Nzg, il - lzg 4l < 2H Spz.Th ;3 moreover, for each set of

”z}(m ikl ”zf(m is k)il < 4HS;:131’
(5.13) while, for each n with 7, +1<n<r!

m,i—1 sz’
22l < H + HS), ;- 2HS02, - T o < 4H2S)2.TV . and ||yl < 4H?S,2 T ;-

By Reference IT* of the Introduction, and by (5 11) (5.12) and (5.13), there exists
TII

* sz m,i,0

a block perturbation {zg,, 44,2 1:}U{#n, 23} +1U{20mz0m20m10n i

1" t
T Tm 4,0

of {Z m+i? qm+z}U{zn’ n 7-7'”0 +1U{ Oszn”ZOszn n=1 Wlth ”ZQm“H” =1
and |lz; |l < 3H,||z| = 1 and llzzl| < 3H for vy, 1 +1 < n < 1o,
l20,m,i0mll =1 and |25, ;0,./l <3H for 1 <n <Tp ., Again by (5.12) and

(5.13), since by (5.11),

" srs

" 1 4H?
- sz>T 10>(m10 Tm,i—1)4 maiTmg,

7~m,i

there exists a block perturbation {yn,yn 41 of {u,, vy ’;';,, 41 With
T, i—1

lynll = 1 and |lys|l < 3H for rp, 0, 4 + 1 S n < 704 Finally by (5.12)
and (5.13), for each set of indices {k,s,j}, with 1 < k < S22, 1 <s < L},

and 1 < j < Ty(nisk), since by (5.11), f(m,i,s,k) > A"(mi) > 8H - S;f’,,
2f(m.z',s k)

there exists a block perturbation {zf(m.i s k),jn z}(m Do k) i of
' 1+ gf(miek) . , = *
{Zf(m,i,s,k),j,n’zf(m,i,s,k),j,n}n=1 with |25 (m,is,k),5nll = 1 and zf(m,i,s,k),j,n”

< 3H for 1 < n < 2f(misk),
Proceeding in this way up to i = 1y, ; — ¢» We have that,

1

setting qmi1 = Ty then: span {yn}ortl, L,
~—"m,0

m,0 0 9m ?
(5.14) = span{un}i’f;u +1,span{{zn}i’i;:n+l U {Yn i";ilé,o*'l}
= Span{{vn}?::';;ﬂ U {un}i":;}’ +1} and span {{z; :'Iln=l+q:n+l
U{sndnZr o} = span{{v Z';Z;+1U{UZ nerr o413
By (5.7), (5.8) and (5.14) it follows that (5.1) holds. Now the construction
has been completed and we proceed to verify the assertion; we begin directly
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with the proof that {z,} = {yn} U {2.} is a basis with quasi-fixed brackets and
permutations of X.

Letting then z¢ be an element of X with ||zo]| = 1, we have that {m} =
{m(t)} U {m/(t)} U{m"(t)} where one or two of these subsequences can be finite
or void) such that, for each ¢:

(5.15)

(a)lvy,. .,y +ice (o) > 1/8; me)ice) for i(t) with 1 < () < 774 0 ~ Gm(e)
and |v; o 5(20)] S 1/Smiey; forit) + 1 <J <m0 = Gmis;

(b)fvg, . +5(Zo)] < 1/ Sy, for 1< 5 <y 0 = Gme(s), but
|u;ml(t)+i(t) (zo)| > 1/Sm,(t) iy for i(t) with 1 < i(t) < T (8),0 — @m/(2) and
I“;m,(t)ﬂ (zo0)l < 1/S% m(t),j fori(t)+1<j < "';n'(t) 0~ Gm! (1)

()1 143 (@) S 1/Snay j for 1< G <7y 0 = Gmr(e) and

|tg, 1y 3 (@) < 1/572 (), 10T 1< 5 < Ty 0 — Gty

Again we consider separately the three subsequences:

(A) Suppose that {m(t)} of (a) of (5.15) is infinite.

Starting from (a) of (5.15), we can follow step by step the procedure of the
proof of (A) of Theorem I, from (3.11) up to (3.18). We point out that, by means
of (5.9) and following the proof of (3.14), there exists a subsequence {t"} of {t}
such that, for each t and for each ¢ > t”, there exists

Wy € Span{{un}nri(rt e +1 u {Un} m(t, .0

m(t,i(t))—1 n—rm(t’) (') — l+1
such that, analogously to (3.14),
Ty () =1 Qo) Fi(t ) =1
zo—< Y. uhmoya+ Y, zh(@o)z
n=1 n=1

r::x(t’)‘i(t’)—l

* t+1

+ zp(To)2n +wy |l <1/27.
+1

_—)
n—rm(t'),o

Then fix ¢t and ¢ > t"”: We can choose an index k(t'), with 1 < k(t') <
S;{f(t,),i(t,), such that a property analogous to (3.16) holds. Moreover, by (5.10)
and by means of the same procedure of Theorem I, we can choose an index
s(t), with 1 < s(t') < L;;z(t,),i(t,), such that a property analogous to (3.17)
holds. At this point we consider the fixed index f(m(t'),i(t'), s(t'), k(t')) and, by
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means of (a) of Proposition 4.1 (see (5.11)), we can choose an index j(t'), with
1 < 5(t') < Tyimier)i(t),s(¢).k(¢))> Such that, analogously to (3.15),

r::v.(t’),i(t’)—l Gy Fi(t) -1 To(7),i(e7) — 1
Hmo — { Z Yn(To)yn + Z zp(T0)2n + Z 20 (To) 2n+
n=1 n=1 n:r;;(t,),0+1
QFGm ()i}, 5(¢),k(¢))
Z z}(m(ﬂ),i(tr),s(u),k(ﬂ)),j(t'),n(ﬂUO)zf(m(t'),i(t’),s(t'),k(t'»,j(t'),n} ’
n:l
< 1/2%

Therefore there exist for each ¢ a permutation

q Im .
{A" () of {n}InO L two integers gh

and gg () With gy +1 < B,m(t) Do,m(t) < Im(t)+1
and a positive €],y so that €,y — 0 with ¢,

dm(t)

B such that o — { 3 [y wolun + zi(z0)20]
n=1
q(’),m(t) qnl)l,m(t)
+ Y Gt Y A @)zem b < e
n=qm(t)+1 n=gm(t)+1

(B) Suppose that {m’(¢)} of (b) of (5.15) is infinite (this can happen in partic-
ular if o € Y, therefore the cases (B) and (C) include also the proof that {y,}
is a basis with quasi-fixed brackets and permutations of Y’; for this proof in (5.2)
and (5.3) we have only to use (ii). Again, starting from the second part of (b) of
(5.15), we can follow step by step the procedure of the proof of (A) of Theorem
I, from (3.11) up to (3.18). We point out that (i) of (5.3) is similar to (4.13) of
Lemma 4.2; moreover, also the hypothesis on zg of Lermnma 4.2 holds since, by the
first part of (b) of (5.15), for each ¢, since by (5.7) and (5.8), 77,4 i(1).0 < T'lr/n’(t),O’
moreover by (5.10), we have that

T (),i(£),0 Tl (£),6(6):0

. 1 1
Z |vn($0)l < Z "2 < 2m’(t);

n=qm/(,)+1 n=qm/(t)+l ml(t)!n_Qm’(t)

hence the statement of Lemma 4.2 holds and, again, there exists a subsequence
{t"} of {t} such that, for each ¢t and for each t’ > t”, there is

’
Tm(t'),i(¢'),0

n=r’ +1

wy € span{uy}
m(t!),i(t)—1



118 P. TERENZI Isr. J. Math.

such that, analogously to (3.14),

qm/(u)+i(t’)—l T:nl(tl)‘i(tl) 1 A (t1)
*
“930 - { > w@odum+ D unl@olyn + Z n{(To)zn + wy}“
n=1 n:r:n,(t,)‘o-m‘—l
1
< —2t+1 .

Hence fix t and ¢’ > t": We can choose an index k(t'), with 1 < k{t') < Sm, ),i(t')
such that a property analogous to (3.16) holds; moreover, by (5.4) and by means
of the same procedure of Theorem I, we can choose an index s(t'), with 1 <

s(t') < L, (#),i(¢)> Such that a property analogous to (3.17) holds. At this point
we consider the fixed index f(m/(t'),i(t'), s(t'), k(t')) and, by (5.8), we have that

T (e, Q f(m! (¢7).i(t),5(¢7). k(). 0.
{vn}nzqm [ g {Ufme (1)), 58,k (£)),0,n S

hence, by the first part of (b) of (5.15) and by (5.10),

Qf(m’(t’))i(i')vs(t'),k(f'))‘O
[L* m n(I )(
f( ’(tl),é(t’),S(t’),k(t')),o, 0

o

n—

—_

1

< S;,'f,(t, FQpm (0),i(e),s(8) k()0 < 35
that is, the hypothesis of (b) of Proposition 4.1 is verified and the statement holds.
Then we can choose an index j(t'), with 1 < j(#') < Ry v1),i(¢1),s(¢/),k(¢))» Such
that, analogously to (3.15),

Ay Hi(t) -1 T:n'(:'),i(:') 1 Q! (¢7)
3
on - { E [y (zo)yn + E (o) yn + E (o) 2n+
n=1 "=T:n'(:/),o+1
PG CORIC IICORITIY
f (zo)
Y (¢),i(),s(t) k()5 (¢ ) n\LO

n=1

X yf(m’(t’)w’(:’)s(t’>,k<t'>>,j<t'>,n}H < 51;
Therefore again there exist for each ¢ a permutation
(5.17)
{W'(n)}i’i’é::t)H of {n}i"z";:f(i)ﬂ, an integer g iy With g () + 1
< Qo mr(ty < Gm(1)+1 and a positive e,/ — 0 with ¢, such that

I
D! (1) Qo,m’ ()

“ Zo —{ Z Yn(Zo)yn + 25 (20)2n] + Z y;,(n)(xo)y,r,(n)}H < Epiey-

n=1 n= qm;(t)+1
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(C) Finally, suppose that {m”(t)} of (c) of (5.15) is infinite.

By (c} of (5.15), by (i) of (5.2) for the definition of rm,,(t o by (i) of (5.2)
and of (5.3), by (5.7), (5.8), (5.9) and (5.14) for the definitions of r, ., ; and of
gm+1, and also by (5.4) and (5.10), we have the following two facts: the first one
is that

"
T

r:n”(t),o T:'n”(t),O m!(t),0
| > m@ou i@yl Y )+ Y i)
n:qmu(t)+1 Tl.:qm//(t)-f-l n:qmu(t)-{-l
2
<W for each t¢;

while the second fact is that, setting rs,, = ¢ and ropmy1 = r;n,o for each m,
by construction this new sequence {r,} has the same properties as the sequence
{rm} of Reference I* of the Introduction. Therefore, since {u,}U {v,} of Propo-
sition 4.1 is norming, by the second part of Reference I* of the Introduction and
by the proof of (3.19), setting m/ (0) = go = 0, we have

oo Imii(t+1)

zo=>_ Y [Un(z0)yn + 25(20)zal;

t=0 n=gq mll(t)+1

that is there exists, for each ¢, a positive €/, (ty SO that e/, @~ 0 with ¢, such

that
Q! (t)

(5.18) ESD DR CACHIARACHEN

n=1

!
< Em”(t) .

Again, our aim now is to show that, for each positive integer 1,

setting q(i) = gq;, there exist two permutations

i+1 i+1 i+1
{n'(m)}a%* D | and {n"(n)}ACHD | of (n}2E0
two integers ¢'(0,i) and ¢"(0,7), with q(i) +1 < ¢'(0,4),¢"(0,%) < ¢(i + 1),

and a positive number (i) so that (i) — 0 with 4, such that

q(%) 7'(0,3)

20 = { lwi@olvn + zm o)l + D2 yr @0y

n=1 n=q(i)+1
q'"'(0,%)
(5.19) + > z;,,(n)(mg)z,ru(n)}H<5(i); that is, if ¢'(0,0) = ¢"(0,0) = 0,
n=q(z)+1
oo ¢'(0,i+1) 9" (0,i+1)

To = Z [ Z y:r’(n) (wo)yw'(n) + Z Z:rn(n)(.'Bo)Z.,rn("):I .

i=0  n=q(0,i)+1 n=q"(0,i)+1
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Indeed, setting for each ¢,

q(i+1)+q(i q(i+1)
{mna n}n—2q(1,)+1 {ynayn n=q(s)+1

and

2g{i+1) 41
{xm n}nq(q (i+1)+q(i)+1 — {Zn, }q( )+1a
q(0,4) = ¢'(0,7) = 4" (0, 1),
0,i 0,i . (0,1
{m ()29 1 = {a@) + 7@} L U g+ 1) + ()} 0D
and
{m()}2 0 0 = 1) + 7 ()L Va6 )+ NS

it will follow that

o q(0,i+1)
20=Y. Y. Tim(@0)Ta(m with 20(i) +1 < g(0,i) < 29 + 1)
1=0 n=q¢(0,i)+1

for each 4; that is {z,} verifies the properties of (D4) of the Introduction.
Then, for a fixed g(i) = g2;, we have one of the following three possibilities:
(i) 2¢ +1 = m(¢t) for some ¢: in this case, by (5.16) we obtain (5.19)
for ¢'(0,1) = g and {r'(n)}? %9 = {n}q‘/"”‘(f)
, 0,m(t) n=q(i)+1 nmg(i)+1°

moreover  ¢”(0,4) = g ;) and
0,7 m(t q”,m t .
{ﬂ.”( }q (q(1,)+1 {n}i_(qzz U {ﬂ,,(n)}no:qfn()t)‘{‘l’ E(Z) = E:n(t)’
(i) 2¢ + 1 = m/(t) for some ¢, then by (5.17) we obtain (5.19) for
0,2 m’ ql,m' t
¢'(0,4) = g sy and {7 ()} 00 = {n}ir 0 U{T ()} L
moreover ¢ (0,4) = gpy(yy and
0, qm/ .
{="(n )}i_(q(:)ﬂ (et €00 = ey
(iii) 26 + 1 = m"(t) for some ¢, then by (5.18) we obtain (5.19) for
q,(Oa 7’) = q”(Oa z) = gm'' (1) and
(0, 0, Tt (¢ .
{00 = ()0, = (b s €6) = ey

hence (5.19) is proved. This completes the proof of Theorem II.
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